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SOTMARr 

With the advent of missiles, and rapid dcvalop- 
nimts in conventional aircraft toward trans- and super- 
sonic flight, an understanding and design Jcnowledge of 
dynamic behavior is of increasing importance.    Fundamental 
reasarcn ii. the development of new methods and techniques 
for the determination of dynamic characteristics in flight 
was initiated some three years ago through the Joint ef- 
forts of the Air Materiel Command and what is now the Cornell 
Aeronautical laboratory.    The present report presents the 
detailed results of a particular phase of this general pro- 

A series of flight tests has been completed during 
which the dynamic response characteristics of an airplane to 
two different types of elevator motion were determined. 
These elevator.motions were so chosen that they would be 
amenable to aatherciatiea'l analysis and it was therefore pos- 
sible to compare the experimental data with calculated re- 
sponse characteristies.    Convenient forms of the equations 
of the motion of an airplane in its plane of symmetry have 
been developed and are included In this, report. 

It is shewn that,  based upon the well verified 
assumptions that the change of speed during control moments 
of normal rapidity is of negligible importance, the re- 
sponses of the airplane aay be obtained from expressions 
raserabling that of the motion of a viscou3 damped, spring 
restrained mass. 

1. 

The response characteristics of the airplane were 
measured during steady sinusoidal oscillations of the elevator 
and following abrupt (step) deflections of the elevator.    Com- 
parison of the experimentally determined response character- 
istics during sinusoidal oscillations with calculated responses 
indicated generally ^ood agreement,    However, the measured 
value« of both the spring stiffness and the damping coefficient 
of the airplane were somewhat higher than the predicted values. 
An apparent lag between the motion of the airplane and the de- 
flection of the elevator was found to- exist during a number of 
the sinusoidal oscillations.    A satisfactory explanation of this 
characteristic has not been advanced at the present time.    An- 
other characteristic for which no explanation has yet been 
found io an increasing apparent value of the stability deriva- 
tiv» Z* (which Is directly proportional to the slope of the lift 



2. 

curve of the, airplane) as the frequency at the oscillation 
is increased.    The tranaient responses  following a step deflec- 
tion of the elevator a^rcs  ruäaunabiy well with  calculated re- 
sponses.    A ti^s lag between the  response of the airplane and 
the abrupt deflection of the elevator was noted. 

A modified automatic pilot was used to obtain the 
desired elevator aotion.    The sinusoidal elevator deflection 
was superinposed on the normal etabilisting e'ction of the auto- 
matic pilot so that the mean speed and flight path were main- 
tained  constant during the oscillation.    During the step man- 
euver the alevuito- »as moved  to a new position and naa held 
fixed in this position by the automatic pilot for the duration 
of tne maneuver. 

it is oonciuded that these tests confirm the feasi- 
bility of obtaining the dynamic longitudinal response characteristics 
of an airplane during flight by the selection of appropriate time 
histories of elevator movement. 



• 

INTRODUCTION 

The results of a aeries of test.-! which have been conducted 
by the Flight Heaearch Department of Cornell Aeronautical Laboratory 
to determine the dynamic ion^itudinal stability and control chaacter- 
iatlcs of an airplane by the forced oscillation technique are given 
in this report and these results are compared with calculated re- 
sponse characteristics. The responses of the airplane to step deflec- 
tions of the elevator were also determined. The data reported herein 
are a purt of thu.se obtained during v  extensive program of dynamic 
response measurements which is being carried out for the Aircraft 
Laboratory at Wright field, under Contract Mo. W33-038-ac-14248, and 
covers ail dynamic longitudinal tests asde using a Speiry A-12 auto- 
matic pilot as a raecnanism for oscillating the elevator of the air- 
plane. A B-25J medium bombardment airplane was used for all tests. 

It has been shown both experimentally and theoretically 
that thf variation of speed which occurs during movements of the 
controls at normal rates is very email, and that this minor speed change 
has a negligible effect on the motion of the airplane. This permits 
considerable simplification of the theory of the motion of an airplane 
following movement of its elevator control, and convenient forms of the 
equations of motion of an airplane In its plane of symmetry are given 
in the appendices based on this assumption. These show that the vari- 
ations of the normal acceleration and pitching velocity of an airplane 
may be expressed by second order differential equations analogous to 
the equation of motion of a spring restrained rusa with viscous damping. 
Tnis concept of effective soring stiffness and damping permits the 
construction by simple means of frequency response curves giving the 
amplitude and phase characteristics of the «lrplane in terms of the mag- 
nitude of the sinusoidal forcing function <»iilch, in the case under con- 
sideration, is proportional to the elev.itor deflection) and its fre- 
quency. As is discussed in references (1) and (2), the analysis of the 
stability of closed loop dynamic systems (such as an airplane or missile 
equipped with an automatic pilot) is facilitated by the U3e of such fre- 
quency response data. Furthermore, the response to a stef application 
of elevator deflection (forcing function) may be obtained quite simply 
from the second order system described and this response nay be used in 
conjunction with the Duhaael Integral for computing the response of the 
airplane corresponding to an arbitrary movement of the elevator. 

The present flight investigation was undertaken In order to 
obtain a full scale flight check of the validity of the usual assump- 
tions contained in theoretical treatments of the dynamic longitudinal 
stability of aircraft, and to develop a method for measuring the sta- 
bility characteristics of airplanes and other flying devices for which 

v^ 



reliable stability parameters HR/ not be available or cannot be ob- 
tained  conveniently by theoretical  analysis or win^  tunnel testing. 
The frequency res,-x3nFs curve of an aircraft  (which is used as des- 
cribed in references (1) and  (2)  to investigate  the  stability char- 
acteristics  of a combination of automatic pilot and airplane) may be 
obtained directly by this experimental  technique.    T::e  forced oscil- 
lations method  I?' thus of considerable utility in determining the re- 
sponse characteristics of an airplane. 

The equations  of aotlon  of the airplane hive been treated 
in terms of diaenaiunal stability derivative.«  throughout this report. 
Although non -diaensionaiized for.Tis of the ctability equation? are in 
general use,   It is thought that the disenslonai for a employe; herein 
facilitates  tue interpretation  of the equations.    It  is realized that, 
to ease comparison of the  characteristics  of airplanes of various 
sizes flying at different speeds and altitudes, the non-dimensional 
form is preferable.    However, since tne present tests were confined 
to tests of a single airplane at one altitude,  it is believe-i that the 
diaensional for» is advantageous in  this  case. 
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c = 
Ce = 

INDEX OF SYMBOLS,  DBFIKITIOHS AJTO CONVENTIONS 

Wing span - ft. 

Equivalent control fixed airplane Ja.nping coefficient - l/sec. 

Equivalent control free airplane damping coefficient - l/sec. 

Mean aerodynamic chord of wing - ft. *" 

Elevator chord - ft. 

Canter ui" gravity. 
MM£~ 

C 

c. 

= dC 

Ooft 

C,5 
N< 

£M' 

- Elevator hinge moment coefficient. 

- Elevator hinge moment coefficient due to 
angle of attack of the tail. 

- Elevator hinge moment coefficient due to 
elevator deflection. 

- Airplane lift coefficient. 

- Airplane pitching moment coefficient. 

- Horizontal tail lead coefficient. 

JJ = Differential operator . ^ 

r. 

ME. 

V 
k. 

M - 
n 

Force or function - general. 

Frequency - cycleB/'sec. 

Acceleration due to gravity • 32.2 ft./sec.2. 

Elevator hinge moment - lb. ft. 

Airplane moment of inertia about the y axis - »lug ft.2. 

Equivalent control fixed airplane spring constant - l/sec.2. 

Equivalent control free airplane spring constant - l/sec.2, 

Tail length - ft. (considered positive). 

Moment about the y- axis - lb. ft. 

n Iy , l/s 
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M - u. 
UM. I, 

<>M/ 

M , ^ HZ Vr 
1 

di 'XL i 

, l/ft. - see, 

, l/ft. - sec. 

,   l/tec.2. 

ff\  a Mass  of airplane  slugs. 

fff, 

Vnpkm 

n - 

- Sonnal force alope of the horizontal tail. 

Kilns per hour. 

Normal horizontal tail load lbs 

u 

* 

Acceleration along the j£      axis at the c. g. (normal 
acceleration) - ft./sac.2. 

fti,   = Acceleration along the x axia - ft./seo.". 

Q,    m '&     -  Angular velocity about*the y axis. 

Wing area - ft.2. 

Horizontal tail area - ft.2. 

Jig   = Elevator area, aft of hinge line - ft.2. 

'  » Period of oscillation - seconds. 

t    z  Time - seconds. 

1/   m  True airspeed - ft./sec. 

ytc m  Velocity increment along the y axiB - ft./sec. 

,0.  m  du/dt - Acceleration increment along the x axis due to 
changes in u. - ft./sso.2. 

Uf~  • Velocity increment elong the jS   axis - ft./seo. 

tv • dw/dt - Acceleration increment along the   axis due to 
changes in w - ft./seo.2. 

X. Force along the x axis - lbs, 
ft./seo. nx 

X    ^ /    i/ 

Y, 'MJ 

Ox/ I m. -l/s 



s 
'/ / 2 /n-i      - ft./880» • 

)(     • a*/SÄ  *     An      -  ft ./sec. 2 

x      ,. Fores along the ü  axis  - lbs. 

£    -   °    /£$ A
      //n     -   ft./sec 

/m.    -  1/6 eo. 

dui 'm.    - l/sec. 

£       .     ^    -      7, d 4 
m. - ft.Aoc.2, 

A ^^ . </ 
/d 6 /m.   - n.A 

I 

Oreek Symbols 

c/' 
c/ 

e 

s Wing angl9 of attack - degrees £n radians. 

C^ 
v Angle of attack of the horizontal tail - degrees efT radians. 

a  Elevator deflection - degrees art" radians. 

• Angle of downwash - degrees or radians. 

• Inclination of x axis with respect to the horizontal - degree« 
oJ( radians. 

hob = Effective change of tail angle of attack 
due to elevator deflection. 

(  • Mass density of air - slugs/ft.3. 

r • Sea level value of air density > 0.00237B sluza/ft.3 

CT *  Density ratio =  s /Q 

* 
Phase angle - general - PhaEe relations indioated by  / c •-**.' 
subscript*.  ^p-y-i c*-v 

(xj m  Angular frequency - radians/sec. 

.- y» 

•! s ' • 

f . • u • •' - 
:• 

.••;.. L#_ 

A bar placed over a variable indicates the maximum value 
of that variable during an oscillation.  The amplitude may be either 
positive or negative, i.e. n Is the maximum amplitude of the normal 
acceleration during an oscillation and may be either positive or negative. 



Vertical bars placed around a variable indicate the positive 
value of that variable, i.e. 11\ I     is tiie positive value of the normal 
acceleration at a given instant.  Thus / h. [   denotes the positive maximum 
value of the normal acceleration during an oscillation. 

A dot placed over a variable indicates its derivative with re- 
epeot to tine.  Two dots indicate the second derivative with respect to 
time, hence n > dn/dt and n* • d^n/dt^,- etc. 

SIGN COSVENTIOMS 

Axes 

x axis, or longitudinal axia, po«i+<"rj f^iwaru. 

y axis, positive along right wing. 

if axis, positive downward. 

Linear Displacements 

A  linear displacement along a positive reference axis is con- 
sidered to be positive. 

Angular Displacements 

An angular displacement which is clockwise when viewed fron the 
origin looking alonr a positive reference axis is considered to be positive. 

Velocities and Accelerations 

Velocities and accelerations, either linear or angular, are con- 
sidered positive in the sane sense as the corresponding displacements. 

Control Surface Deflections 

Positive elevator angle is associated with a downward movement 
of the elevator trailing edge. 

Hinge Moment 
#£ c f l&/^ r? « • 'U. 

Positive eleviitor^hinge moment is that which tends to move the 
elevator in a trailing adge downward direction. 



BQÜIPMBST,  IKSTRUKESTATIOK AMP METHOD OF TEST 

All flight tout« wero  oonduoted using a Horth American B-Z5J 
medium bombardment airplane.       :.XB airplane 1« a midwing,  twin-engine 

tmonoplme powered by Wright R-2600-29 two-speed supercharged engine« 
driving S bladad Hamilton Standard oonatant speed hydromatio 6359A-18 
propellers.    Fig.  1 is a photograph of thi» airplane,  and a 3-view draw- 
ing of the airplane ia  Included aa Fig.  2.    A tabulation of the primary 
physical  oharaoterlatioa of the airplane ia given in  Table I.    All arma- 
ment was removed from the airplane.    The atandard pitot tube installation 
was replaced by an KACA type free swlveling static tubs and shielded total 
head tube mounted on a boom nfi*r the right wing tip. 

A Sparry A-12 automatic pilot was installed in the airplane,  and 
was suitably modified to permit using the automatic pilot as a meohanlsm 
for moving the elevator as  desired.     The sinusoidal osolllation of the ele- 
vator was  obtained by feeding an oscillating voltage signal into the ele- 
vator position follow-up oiroult so that a sinusoidal voltage was applied 
to the elevator servo.     The sinusoidal voltage signal was produced by ro- 
tating an autoayn transmitter.    The rotational velooity of the autosyn was 
varied to modify the elevator osolllation frequenoy, and the voltage output 
of the mechanical  oscillator was varied to oontrol the amplitude of the 
oscillation of the elevator. 

The signal from the meohanloal oscillator was superimposed on 
the normal  rate and displacement signals from the vertical flight gyro of 
the automatlo pilot.     Thus the automatio pilot remained in operation dur- 
ing the  oscillation,  and the mean flight path of the airplane remained 
constant.     The operation of the stabilising elements of  the automatic pi- 
lot resulted in a phase shift between the oscillator signal  and the sle- 

pt vator motion, and a modification of the amplitude of elevator osolllation 
for a given oscillator voltage output.    However,  since the responses of 
the airplane are referred to the elevator motion throughout this report, 
the phase shifts and amplitude modifications due to the functioning of 
the automatio pilot are irrelevant.    It was found necessary to control the 
mean flight path by leaving the automatic pilot in operation in order to 
prevent the speed of the airplane from slowly ohanging from the desired 
value during an oscillation. 

The step deflection of the elevator was obtained by removing all 
signals from the vertical flight gyro to the elevator servo is steady flight 
at the  desired speed and replacing the gyro signal with a constant voltage 
which maintained the elevator at the position necessary to maintain steady 
rectilinear flight at the desired speed.    The airplane was thus trimmed in 
steady flight without automatio stabilisation about the lateral axis. 
(Automatic oontrol was maintained about the longitudinal and vertioal axes). 
The step deflection of the elevator was then accomplished by suddenly apply- 
ing a voltage to the elevator servo oiroult.    This voltage was maintained at 
a constant value for the deviation of the maneuver, and thus the elevator 
was maintained at a fixed deflection from its initial position. 

The flight test data were recorded by a photo observer and a 
Consolidated Engineering Corporation recording osoillograph.    Airspeed, 
altitude, and engine operating conditions were taken from the photo observer 
reoord.    The following quantities war« reoorded on the oscillograph: 
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1.    Normal acceleration. 

Z,     Lon.~it'j;i:'r.s.I acceleration. 

S. Elevator angle. 

4. Pitch angle. 

5. Elevator hinge moment. 

6. Horizontal tail load. 

The normal and longitudinal accelerations were measured by Con- 
solidated Engineering Corporation reluctance type electrical accelerometer 
pick-ups whose sirnals*wor» s-plifioJ by electronic amplifiers before being 
fed into the galvanometers of the oscillograph. 

The elevator position was obtained by recording the output of 
an autosyn transmitter which was driven by a linkage from the elevator 
horn.  The pitch angle sigrml was taken from the pitch selsyn of a modified 
Minneapolis-Honeywell vertical flight gyro unit which was installed in the 
airplane as an attitude reference.  The outputs of both the elevator pos- 
ition autosyn and the gyro pitch selsyn were amplified before being fed 
into their respective galvanometer circuits of the oscillograph. 

Elevator hinge moment was obtained by recording the amplified 
signal of the unbalance of a Wheatstone bridge circuit of strain ja-jes which 
was installed on the elevator horn. 

A totalizing strain gage circuit was installed on the horizontal 
tail and the fuselage bulkheads' supporting the horizontal tail.  The cir- 
cuit was so adjusted that its output was the same for a given loading of 
the tail no matter how the load was distributed.  This permitted determin- 
atior of the tail load from a single signal which was amplified and recorded 
on the oscillograph. 

During the oscillation tests the airplane was carefully trimmed 
at the desired spaed and altitude.  The automatic pilot was then engaged, 
and the mechanical oscillator was adjusted to oscillate the elevator at 
the desired amplitude and frequency. After the oscillation of the airplane 
was established at the steady state condition the recording equipment was 
turned on and from 5 to 16 cycles were recorded.  (The number of cycles 
recorded was usually greater at high frequencies than at low frequencies.) 
The frequency of oscillation was varied from 0.10 to 1.30 cycles p»r second 
in approximately 36 intervals. The double amplitude of the elevator oscil- 
lation wae maintained at approximately 2° at all frequencies. 

Oscillation tests were conducted at throe speeds and six center 
of gravity positions at a pressure altitude of 10,000 feet. Oscillation« 
were made at center of gravity positions of 22, 24, 26, 26, 30 and 32% MAC 
at a speed of 175 mph EAS.  The tests were repeated at center of gravity 
positions of 22 and 26/2 at equivalent airspeeds of 135 and 200 mph. 

The response of tho airplane to a.  step deflection of the elevator 
was measured at 176 mph EAS and at center of gravity positions of approx- 
imately 34, 2S, äiiu 30^ MAC. 



11. 

The f-*nter of gravity was maintained at the desired position 
during all flights by transferring ballast within the airplane during 
flight.  This wa;> accomplished by pumping water from a tank located near 
the c. g. to another tank in the tail cone of the airplane, or vice versa. 

'I 



H : 

DISCUSSION OF OSCILLATION TKEORy 

The theory of dynamic stability analysis by the oscillation 
method is ba3ed upon the fact that the airplane in flight represents 
a mechanical system made up of masses with inertia, and influenced by 
aerodynamic forces and moments. 

It should be possible to obtain information concerning the dy- 
namic characteristics of ouch a syBtera by inducing forcei oscillations 
at vario.s frequencies and noting the characteristics of the ensuing mo- 
tion.    Thi3 is a .lethod quite common In other fields of science, notably 
electrical engineering (reference (3) )• 

As applied specifically to the airplane,  the oscillation 
method consists of applying sinusoidally varying aerodynamic Toments by 
means of the control surfaces, which are oscillated by a suitably nodified 
automatic pilot, at a controllable frequency and amplitude.    The pertinent 
parameters of the motion are then simultaneously recorded as functions of 
time. 

A brief analysis of the oscillation theory will be presented 
here and the significant aspects of this method discussed.    For a detailed 
mathematical treatment together with a justification of certain assump- 
tions,  and complete definitions of various parameters,  the reader is re- 
ferred to Appendix A.    All symbols and conventions art as previously de- 
fined . 

The ei"_»ationS for the longitudinal motion of an airplane nay 
bn written ra foil .a« A 

U   rj 4     - *&&,+ *tr <W 

Ui *£« m- *£* (2) 

/ ML« Ytf* • f-   *~ %f <?     ^b- ^ )fA)g $ 0) 

These equations represent the motion of a system having three 
degrees of freedom, namely u, w, and q.    If it were possible to elimi- 
nate one degree of freedom either by a predetermined interrelation be- 
tween the variables and forcing functions or by confining one's interest 
to a regime where the value of a particular variable iß negligible in 
comparison to the others, a valuable simplification in the analysis would 
result. 

It is well known that rapid changes in pitch and acceleration 
nay ta*e place with very small changes in airspeed.    Examination of 
equations (1), (2), and  (3) oliows that if the effects of airspeed change 
were neglected, the problem of analysis would be greatly simplified. 

1 
• 

> 
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To justify  fta assumption that variations  in airspeed are neg- 
ligible,   calculations were -nade to determine  the   change  in airspeed at 
various  frequencies arid its effect in  comparison  to those of the other 
variables.    The effect, wan  found to be small and essentiaLly negligible 
as the frequencies approached that for the  short period oscillation of 
the  airplane .    The  variation in airspeed !has decreac'^i to approximately 
0.10 tines  the  change in  vertical velocity w et this point and at a  fre- 
quency of 0.50  radians/second has increased to approxinately 0.50,  the 
changs in w.    However the values of the derivatives dependent upon u 
are «till saall compared  to those dependent upon w and q. 

Jn addition  to calculations,   flight  tests were niade in which 
tne  change in airspeed and  longitudinal acceleration were measured at 
different oscillation  frequencies  ranging  from 0.50 to 8.0 radians/second»' 
The greatest change in airspeed occurred at the  lower frequency as would 
be expected.    Measurements made with a calibrated airspeed indicator 
showed a oaxiraua change at approximately 1.2 MP1I at the  lowest frequency, 
tni.s  change decreasing to essentially  zero at 3 radians/second.    Data 
oatainea from longitudinal acce Lerometer records showed a ;mixiaua air- 
speea change of approximately 2.5 UB at a frequency of 0.50 radianB/second, 
this  change decreasing to essentially zero at a frequency of  5.0 radians/ 
second.    Data from both  sources are shown  in Fig. 3- 

It is justifiable therefore  to assume that,  if the lowest 
oscillation  frequency is not appreciably leae than 0.5  radiuns/second, 
the  changes and rates of change  of airspeed ray be neglected  in  this 
analysis.    Therefore 

u s a - o 

and equations (1), (2), and (3) become 

/ = M„ ur f Mf f. +• Mir & * 

2.0» w' +- 

n 5 

M 
(5) 

(6) 

There are now three equations  in  two unknowns,  nanely w and q 
(or £ ),  since M'rf  is an arbitrary forcing function,    however only 
equations  (5) an<t  (6)  are independent,   since equation  (4)  armtt be satis- 
fied by tne same conditions which satisfy equations  (5)   ani  (6). 

fly differentiation,  suitable  substitutions and  rearranging, 
equations  (5)  and  (6)  can be written as 

b N 

-      r ^ 
•f   -    L/f,   + Zr + Uftäj. + te^-ü^t-filtS-ZrC  (8) 

It is  Bfl«n  that the  coefficients  of w and q are the  same,  and 
that those of • and q are also identical. 

. 
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DlaensionajLly 
. 

0, t *„ UM A = X 

which represents a viscous damping proportional to angular velocity, 
divided by a  moment of inertia, or a viscous damping proportional to a 
linear velocity, divided by a muss. This term may therefore be con- 
sidered as an equivalent damping coefficient, in the analysis of the 
airplane Motion. 

Diaensionsliy 

• 

which represents a restoring moment proportional to a rotation,  divided 
by a moment of inertia,  or a restoring force proportional to a dis- 
placement divided by a mass.    Thin term nay therefore be considered as  an 
equivalent spring constant in the analysis. 

These two terms have been designated as follows 

b »-£A7I -h ZurSti/tfS-J Equivalent airplane damping coefficient (9) 

* "\~M     AI    — l/AI     7  E:1uivalent airplane spring constant (10) 

Equations  (7) and  (8) now become 

ur +• ~     + tCur   =  UMS£~" ft./s 3 

radian» 
sec.^ (12) 

:. 

Each« of these« equations now resembles that of the response of a 
simple single degree of freedom Jiechanical or electrical system under thu 
influence of an arbitrary forcing function.    The fact that the two im- 
portant variables characterizing the airplane  longitudinal motion have been 
separated into single Independent differential equations greatly simpli- 
fies the analysis, and nakes it possible to study the response of each 
variable separately. 

An additional equation involving the nomal acceleration may be 
obtained by noting that from equation (5) 

2«r ur n. * w - I/* 

and making this substitution in equation (11)  to obtain, 

n   -fb-k  4 KYI « UZ^/I^S 

(13) 

(U) 



! The airplane motion say now be determined in  terms  of w, q,  or n.t 
In response tc any type of a forcin<; function that can be represented 
•aathematically.    The  response to a unit Step function as discussed later 
ma«ces it possible to  determine the response to any   irbitrary forcing func- 
tion 3inee any control notion can be represented by a  =eric-s of stops. 

.  In uiia section the response to a sinusoidal forcing function 
only  is  consiiere.j.    Ti :ie solutions  for w, n and  q in  response to a sinu- 
soijai. eleviitor motion, where 

£(tj   -  IS I s/n- "> (15) 

are derived in Appendix A.    The results of these solutions are as 
follows: 

(16) 

net) 
ni 

UM$ 2, 

*\(ts -a*)   1- (ceo)' 

sin cot (17) 

JLQ = isß 
r7 vi       / \l. 

—       5/n   I oof i-  tO-Yl 
i (K- U>*") £-«r boJ 

-2^(K-io*-) f-i>> 
(18) 

The response of the airplane is best stuiied by noting the 
variation of  the amplitude and phase relationships of each variable or 
the ratios of  variables as a function of frequency.    This gives infor- 
mation concerning resonances and attenuations of amplitude responses 
at various frequencies,  and phase relations which nay be interpnpted ao 
ti-ne lags between various factors in the .-notion.    Flight test data show- 
ing the  experiment»!, variation  of fgf and -ffi* both in amplitude and 
phase  as functions  of frequency ore given in this  report. 

The values of b and k,  the equivalent damping coefficient and 
spring constant, mny be readily determined from the- response   !ata by 
means  of the  circle diagram as explained in the follosin*; section.    The 
ability to visualize the motion of tee airplane in the simple termin- 
ology of a b and k Is of considerable value in the application of auto- 
matic  flight  controls  to aircraft,  in  which  case it is usually necessary 
to make a dynamic analysis of the aircraft and  automatic control system 
combination.    The advuntuge of being able to represent the airplane In 
any particular mode of longitudinal motion by a transfer function of 
second degree,  greatly simplifies a very complicated problem of analysis. 
The term "transfer function" has been defined by Hall (reference (£)   }, 
and is a complex function  relating the input and output of a system. 
Thus the a*oalar»tion transfer function of the airplane with respect to 

15. 
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(20) 

the elevator angle, expressed in L* Placian operate:- for« (reference (5) ) 
would be, 

n (5) _J/J& * ac . flQ, 

or in terms of frequency where £ has been replucod by icj 

In addition to the response relations discussed above,  th" vari- 
ations of horizontal tail loud and elevator hinge moment in response to 
a sinusoidal elevator aotion  can be both calculated and measured. 

Since the variation of w, n,  and q are known with respect to 
the elevator angle,  it is possible to determine the variation of «,  n, 
and q with  respect to total, elevator hinge raoaent.    Thi:;  Information 
may be thought of as stick free dynamic stability data,  if it ic assumed 
teat at the frequencies involved the Inertia of tee elevator control sys- 
tem produces negligible effects,   (reference  (6)  ). 

The expression for variation of horizontal   tail  load  coefficient 
with  respect to elevator angle has  been derived in Appendix A,  and  r.nly 
the final result »ill be given here. 

( 

III 
ms.. u 0 uit - ro-vi 5 •j (a) 

and 

(K-taVA+ (boo)' UA- 

The total elevator ninge accent coefficient variation with 
elevator angle is given by: 

Si. 
til -U 0 -/ '*• ( u>?+ wn ,5 (24) 



»us re 
/^    — 

'and 

G 

•h zt A/s fo (x -*>t) -f 2«>«J 

Expressions are also detcrained Vor/C / ana yc / as follows: 

(26) 

)1 tf/fr^ 

/cj     ^fC/t'-^vyJ' 
and 

(: 
•5/n fuit y- ran • I    - ö   u> 

K'-to' 
(27) 

7~ /chi    %\(x'-cs)*-i-{b'coy 
Uit+ta.* -'  f^ZjdtlssJjäS (28) 

wnere b'   and k'   are related to the expressions b  ani k 
(equations   (9)   and   (10)  respectively)  by 

L 

A 
-,   " a , , (30) 

a 

A  knowledge of the. variation of horizontal tail load with ele- 
vator angle under dynamic conditions la of value to tht* structural de- 
signer who must determine the nagnitude of tne maneuvering tall load. 
Experimental data of this type can serve as a check on the probable ac- 
curacy of the rather elaborate calculations usually necessary to de- 
termine by analytical means the tail load i., ruajwrine to rapid, motions of 
tne elevator. The tail load response to a step elevttor input may be used 
to synthesize the reapome to any arbitrary elevator deflection. 

Thu variation of elevator hinge moment with respect to elevator 
angle under dynamic condition" is of especial value to tht- uesigner of 
automatic flight controls or control boost eystens, since this gives an 
indication of the power required to operate the control surface« under 
rapidly varying conditions. 

17. 
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The. response of the airplane as a function of the variation of 

hin^e mcatnt is of intereyt «here automatic controls are employed which 
apply variable torques to the control system, such ibut the resulting 
control surface deflection is a function of this toraue and the aerody- 
naaic hinge moment.    This is in contrast to automatic control systems 
which apply control surface deflections in response to error signals, 
and in which the applied torque is that required to give this deflection. 

it has been assumed throughout this analysis that the forc- 
ing function is directly proportional to the elevator deflection and 
all responses have been determined on this basis.    The  true forcing 
function however is an aerodynamic moment and is correctly designated as 
M§ S   .    This takes into account uhe possibility of a phase difference be- 
tween  S  cüiü I s ,  or that SI £ may have complex components. 

Sine« the test data show that the airplane does not behave 
as a simple system with constant coefficients under all conditions, 
there is the possibility that the various aerodynamic derivatives are 
functions of frequency and have an aerodynamic lag.    Such a variation 
is not readily deterainable, ho»ever, since many of the derivatives 
occur as products,  for example Mj Z, , which makes it difficult to de- 
termine their values unless they are assumed to be real (that is, hav- 
ing no aerodynamic lag). 

It would appear desirable to know the variation of the aero- 
dynamic forcing moment as a function of time, and regard this as the true 
forcing function.    This reasoning hold3 promise for a method of oscil- 
lation employing the application of a known moment.      This nethod,' which 
hus been outlined in a previous report,   (reference (7)  }  , aake3 use of 
an oscillating "auxiliary lifting surface,  installed in a suitable posi- 
tion on the airplane.    The force which this surface applies to the air- 
plane structure is measured and is a direct function of the applied 
aerodynamic moment. 

(_ 



DIStUSSIOE OF THE CIRCLE DIAGRAM 

In the  discussion Of the  oac/Ilation theory,  it wa« mentioned that 
the  circle  diagram was  a useful method of presenting data and that only a 
simple  computation was necessary to determine the values of t>   and K ,   the 
equivalent damping coefficient and spring cons'.ant,  therefrom. 

A complete theoretical development of the  circle  diagram together 
with an explanation of its numerous application« is presented In Appendix C. 
However,  a sim;le explanation of this  diagram will bs given here. 

The equation of a cir-cle any be represented in polar form by. 

R= D (31) 

where R is the radius vectoi for any value of &.    An examination of the 
airplane response equations indicates that they are of this form or may be 
converted thereto by a simple transformation.   

A 
Consider the  expression for      /J/ the first derivative with 

respect  to time  of the expression previously given for   -•- 
Is/ 

n Ufa Zu 111  ß~- Jf-h y* I t>     J 
(52) 

The maximum amplitude of r=j      «ft any given frequenoy oocur» when 

sin ( U)t  -r tan'     —  )     —   1 

and is  given by 

(33) 

It is  evident that this expression can be written 

M 

c where 

n U^i^ 

<£>'     -    Tan 

COS  cfcr, (56) 

(56) 

19. 
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According  to the  definition given in equation  (51)  above,  equation  (35)  rep- 
resents a circle with  diameter. 

D* b (57) 

This  theorelioal  circle  is  shown in Fig.   4. 

,4 It is  thuB possible   to plot the  variation of  jgj   as  a circle, 
where  the length of the radius vector and its aarle   with respect to the 
reference or diometnr represent the maximum amplitude of ^//§|  and its pha 
respectively as functions  of frequenoy.     Flight tost values of '"'IS/plotted 
oirüleg are shown in Figs. 6 through 16 of this report.    Circle plots of 
are also included ir.  those figures. 

as 

Chi 
j., J0_ 

Whsn "rr)s    equals  zero,   the  value  of lg|   is a maximum which is 
oour at the undamped natural fre juenoy  ( u> = V K    .)  Of  the  system. known to  ooc 

II   the  phase angle  is  zero,  its  tangent  is also eero and 

tan  4> r! §   = * o (58) 

where W„1B  uhe undamped natural frequency of  the  system,   und is 
that frequency corresponding  to tin  diameter of the  circle.    The value at k 
is  immediately determined since 

* = W.» (39) 

The   vwlue  of    b may   be  obtained by knowing  the   value   of tan  <f>nc 
at any other frequency.     For ease  of computation it is  convenient  to choose 
the frequenoy so that    ^lii  (neasured from the  diameter of  the   oircle)     >  45° 

Thus or   tan   <Pn^m 1 

fo-n <i>r> *   1 (40) 

where   W    is  the frequenoy where    <£,}.= 45c 

and 
z> = 

CO' 

(41) 
-   W* 

By an analysis similar to .that above, it can be shown that the variation of 
the maximum amplitude of 1j/|sl with frequenoy may be plotted as a oircle 
if it first be multiplied by the factor, 

co$ (fen    .f J - , (42) 

and if. tan -£w-      be »ubtraoted from the phase angle of q with rtspeot 
to S    .    The resulting circle is given by 

A/1 4 E\ 

MSZ ^^~^-'-t) 
(45) 
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Value»   of  b  and k  oan  bo  obtained from  these   circles   in  the  same 
manner  as   outlined abov.     Fllpht   test valj^s   of 

III    \f ux t £ «/ 
and 

chl     fw*~+ zj- 

' 

are  plotted as  circlös     in Fi^s.   6  through 16. 

The   values  of b     and k',   or  the  stick free  equivalent  damping 
coefficient and  spring  constant may be  determined from the     n /I Chl 
and   _£_     I      ~ *t*r )   circles  in  the  same  manner  as  has  been explained 

i 
by r=]ainoe 

ab OVR. 

The value of ZZ^ may be obtained by dividing JZZJ 

it can be shown that 
Is) 

i 

The  diamote r of either the   /j   or 4 /,       tu    \ 

(**) 

circles 

will now eivo  the  value  of //<• since   »2  Ulj   £>   aro  known. 

The  theoretical   circle  shown in Fig.  4 lie«  in the  first and fourth 
quadrants with  the  value  of    <p     varying from *90,5to  -90°as   the  frequenoy goes 
from  zero  to  infinity.     In practifce  however,   it will  be  found  that while   the 

_£L   and    9 fi_   -'   u>   \ circles follow this  convention,  tho   n 

and ?//j/c°S(Ai' -t^) circles  lie in the seoond and third quadrants. 
This  is due  only to the established sign Conventions and variation of phase 
angles  or. j is  explained in greater  detail  in Appendix C. 

It will  be  observed that the maximum diameter of the  circles pre- 
sented in thiB  report do not lie on  the  reference axis as predicted by the 
theory,  but make an ang]e   with this axis..    The value  of this  angle Is  dif- 
ferent for the various  circles.    The reason for this  tilt is not readily 
apparent,  since   it   does not appear  to be  a function of such factors as  ^.0. 
position or airspeed.     If it is a.function of frequency,   its variation would 
be hard to determine  since  the  oircle  diameter is always  associated with 
essentially the  same frequency for a given airplane and speed.    As It appears 
on the circles,  the  tilt resembles a lagging phase angle.    This suggests the 
possible  conclusion that it represents  an aerodynamic lag between   $   and/^ < 
or  that   the aerodynamic forcing moment is not in phase with the elevator 
angle.     Such  phenomena have  bwen  investigated in tests  on  osoillating airfoils 
(references  (8),   (9),  and (10).),  and show  that at the highest frequsneies used 
in the  dynamic stability tests,   the  lag between the surface deflection and aero- 
dynamic moment is negligible oompared to the observed tilt of a number of the 
circles. 



ASOthwr possiMa cause of  tilt could bo variations  of the moment 
of inertia during any one flight,  which are a result of the ballast shift 
re juirea to keep tho  e.g.  position oonstunt.    The variation of moment of 
inertia during a gir<>n flight is seldom more than 5%. however.    Calculation» 
were made assuming ?. XOjl change in mane,it of insrtia during flight.    This 
variation produced a diameter tilt of only 2°.    Hence,   this  is not regarded 
ßa  a primary cause  of this phenomenon. 

Inertia and damping effects of the elevator system are possible 
ca'jseii  but at the low test frequencies  theso effects are considered negligible, 
(references   (6)  s;;d  (11)). 

I 

A oonditio: imposed when constructing the ciroles was  that these 
circles should pass  through the  origin.    In some oases it is evident that 
the best cirole through the tost points does not pass through the  origin, and 
that in most  cases the  diameter of such a circle will be  larger than that of 
the existing circle.    This can be interpreted to mean that for any frequency 
there is a component    of the -variable possessing some magnitude and phase 
which when adde>d vectorially to  the  theoretical value, would give the test 
value of the variable.    Another interpretation is the possibility that a 
oiroie does not represent the configuration of test points but that  they are 
more closely represented by a spiral.    The theoretical equations for the 
circles can b» converted to those for a spiral by assuming that any of the 
aerodynamic derivatives «rerj conplex, which of course lends »trenth to  the 
supposition that some  of those derivatives may be functions of frequency. 

Sufficient data is not yet available  to establish the validity 
of the several  reasons  discussed for tilting of ths circles.     Ihis is a prob- 
lem which demand»  solution however because  of its many important implications. 

It should be point-e.d out that onoe  the circles have been con- 
structed,  the diameter is uaod as  the  reference in determining values of 
k, k*   ,  b,  and b^, rathör than  the  reference axis used in constructing 
the   circle. 

It is evident that the circle diagram is a .ilmple mean's of pre- 
senting the experimental  data,  and that muoh useful information may be 
obtained from it with a minimum of computation.    It also,  serves as a 
logical means  of obtaining the average  or faired values of test data, since 
in practic«,   the  best circle  is usually faired through the test points 
and the origin.    Deviations from circularity give ar, immediate indication 
of discrepancies and errors or non-conformity of the airplane motion to 
the  simple modes predicted by the  theory. 

( 



DISCUSSION OF OSCTLLiTJO« DüTi 

The bcsic sinusoidal oscillation response date are presented as 
functions of the angular frequency of oscillation. These data are the 
ratios of steady-state response amplitudes to amplitudes of elevator de- 
flection and phase angles between the responses and elevator position, and 
ere plotted In Figs. 5a through 5k. The data were taken during flight at 
equlvplnnt air speeds of 1.35, 175, and 200 mph, at a pressure altitude 
of 10,000 feet, and with center of gravity positions of 22. 24, 2*, 28, 30 
and yz  per cent »ear aerodynamic chord. 

The quantities recorded were the forced Incremental elevator 
position, snd the responses of the incremental normal acceleration at the 
center of gravity of the airplane, the increment*! pitch angle, the Incre- 
mental elevator hinge moment, the increaentsl horieontal tail loed, and the 
increaental longitudinal aeceleretlon. 

In general the responses plotted into smooth curves with a small 
degree of scatter of the individual points. In some instances the scatter 
was greater, principally due to the greater difficulty of reducing the data 
when the responses were smsll, or due to disturbances in the air. 

Following the methods outlined, previously, circle diagrams were 
con«tructed of the normal acceleration and pitch responses (figs. 6a through 
I6d) both Tlth reference to elevetor position and with reference to elevator 

hinge asonent coefficient. In order to convert the responses to the form 
required for plotting as circle diagrams, it was necessary to' differentiate 
them with respect to time. Since the variations are sinusoidal, this process 
Is performed by multiplying the amplitude by the circular frequency oJ  , and 
by adding ninety degreep to the ohaee angle, i.e. 5-»- s eJ J*   , and 

Values of the stability parameters, b, k, b' and k' are obtained 
fros the individual circle diagrams as described in the preceding section 
and in Appendix C. In order to place these velues on a comparable basis, 
they must be corrected to some standard value of the moment of inertia, 
since the moment of inertia about the lateral axis varied appreciably during 
these tests with shifts of center of gravity location. The mean moment of 
inertia for each flight condition is listed in Tebls IV. These values of 
ly were obtained by adding the calculated effects of changes of load dis- 
tribution to an estimated inertia in the basic loading condition. Since it 
was necessary to estimate the basic moment of inertia, the accuracy of the 
correction« to k. k'# b and b'  depends somewhat upon the accuracy of this 
estimate. Practice! methods for obtaining the moments of inertia of large 
airplanes experimentally ere now being investigated. 

The corrected values of k, k', b, and b' are plotted against e.g. 
position at a constant speed (see Fig. 17). The results obtained from the 
normal acceleration responses and from the pitching velocity responses era 
in substantial agreement. Table IV shows the values of k, b, k' and b' as 
obtained from the circles and also corrected to £ standard I y. Both k and 



k1 decrease with a rearward shift of the o.g. position, denoting a decrees« 
in dynKsio stability with decreasing longitudinal sWtic stability (i^) . 
The equivalent stiffness constant k is alrays greater than k*. fhich means 
that, for the B-25J, the fixed-control stability is greater than the free 
control stebllity et ell e.g. positions,  both b and b* remain practically 
constant as the e.g. position is alterec, with b slightly larger than b' 
(signifying higher damping with fixed control than with free  control for the 
B-25J). These trends are es predicted from the theory, es may be seen in 
Fig. 18 on which the theoretical values of these stability parameters are 
included. 

The natural short period is given by /yfl"&) and critical 
damping of the notion (the damping at which the short period response of 
an airplane ceases to be oscillatory) occurs if b - Z VH   .    For the B-25J, 
/ ^critical is equal to 0.54 at the 22!* e.g. position and is equal to 

0.99 *t 32$  e.g. position, thus indicating that, for e.g. positions aft of 
32%,  the short period longitudinal motion of the airplane is no longer 
oscillatory in nature.  (See Fig. 19). 

The data have been further reduced to obtain the aerodynamic 
derlvatiTSa which go to make up the forcing functions and the equivalent 
stiffness and damping constants of the differential equations of airplane 
response. Using the methods outlined in Appendix D, the derivatives de- 
termined were 2W , Ms ,fh. ,C/?« , dSl*.  M«, and Mi.  Table V show» 
a comparison of the experimentally determined values with those predicted 
from wind tunnel tests, physical dimensions, and other available data. 

c 

.i^ of a wing 
In the static condition calculated 

Fig. 2C is e plot of the apparent value of the stability derivative 
~£ w at several center of gravity positions as a function of the frequency 

of oscillation.  The values of ?w shown were obtained from the ratio of the 
experimental amplitudes,of normal acceleration and pitch angle.  It will be 
noted that the values of Z»y show e somewhat random scatter ?*ith center of 
gravity position, but that all of the curves show an increasing value at"Z^j 

with increasing frequency. The value of £w should be independent of 
center of gravity position, and the scatter noted may be indicative of ex- 
perimental error. Ne satisfactory explanation for the increase of the value 
of 2VV with increasing frequency has been advanced, and this trend is con- 
trary to the theoretical effect of oscillations on £^  in the range of fre- 
quencies under consideration. The ratio of  the magnitude of Zv 
during oscillation to the magnitude of  /?,, 
in accordance with oscillating elrfoil theory Is shown on Fig. 21 for several 
aspect ratios. It will be noted that, for the usual range of aspect ratios, 
the variation of the estimated magnitude of 2w is very  small, but shows a 
tendency to decrease slightly with Increasing frequency. The calculated 
phase angle between ^w and w Is shorn on Fig. 21 for several aspect ratios. 
While the lag shown is small at small frequencies, It begins to become 
appreciable at the higher frequencies. A more complete treatment of  the 
-.effect of sinusoidal oscillations on the aerodynamic characteristics of a 
wing alone is contained In Appendix £. 

It is possible that the variation of r^ shown on Fig. 20 may be 
dua to the method of solution, which Is based on differential equations, 
the constancy of the coefficients of which depend upon the assumption that 
the aerodynamic characteristics of the airplane are Independent of frequency. 

24. 
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m If this condition i- not »«t, the solutions contained in Appendix A *uot be 
considered to be approximations, the accuracy of which depend upon the amount 
that the aerodynamic coefficient« are Influenced by the frequency of os- 
cillation. It may be possible tnat the apparent variation of 2 ^ shown 
on Fig. 20 is* caused by the combination of variation of all of the aerc— 
dynamic derivatives with frequency and the method of evaluation of "£ ^ 
Further consideration must be given to this problem. 

As a further comparison »1th the predicted values, Figs. 22a, 
22b, 23a.  and 23B show the experimental and calculated response curves at 
}0% o.g. and speeds of 1J35, 175, and 200 mph EA3. The responses plotted 
are 9f% , Sfi  ,f&i  , tr.ifn^    . The trends are as predicted, and there 
Is, in general, fair agreement between the calculated and experimental 
responses. 

A comparison has been mads between the calculated and measured 
horizontal tall load characteristics. The amplitude of the tall load co- 
efficient per degree of elevator deflection and the phase of the tall load . 
with respect to the elevator deflection la given in Figs. 24« and 24b, where 
these data are given for three different center of gravity positions of the 
airplane. The calculated load characteristics were obtained by the method 
for predicting tail loads which has been developed in Appendix A. The aero- 
dynamic characteristic» used for these calculations were obtained from es- 
timates and from the results of wind tunnel tests of a model of the B-25 
airplane. It will be observed that, while the trends of the experimental 
data are In general similar to those of the calculated tell loads, the 
quantitative agreement is not good. Since it has been found that the stab- 
ility derivatives obtained from the response data by the method described In 
Appendix P differ somewhat from the wind tunnel and estimated values, the 
differences between the estimated and observed values of the tail load char- 
acteristics may be due to these variations of aerodynamic characteristics. 
Some analysis of the tall loads using aerodynamic data obtained from the os- 
cillation responses indicated better agreement between the calculated and 
observed tail loads. However, since such parameters as U^ and the variation 
of the normal force ooeffloient of the horlsontal tail with angle of attack 
cannot be determined from the oscillation data, a complete analysis of the 
tail loads based on aerodynamic characteristics obtained from flight measure- 
ments has not been made. Since the method of calculating the tall load during 
a sinusoidal oscillation given in Appendix A corresponds to a special oase of 
the general method for determining the horizontal tall load during maneuvers 
(an example of which is contained in reference (12) ), the comparison of cal- 
culated and experimental results given In Figs. 24 a and 24b Indicates that 
further consideration should probably be given to the problem of determining 
the horizontal tall load during maneuvers. A sore extensive flight program 
to determine the correlation between calculated and actual tall loads during 
dynamic maneuvers of an airplane would be desirable, and should furnish 
valuable Information concerning the adequacy of existing methods for predlotlng 
horizontal tall loads for structural design. 

A comparison of the phase and amplitude of the elevator hinge moment 
coefficient per degree of elevator deflection as calculated and as determined 
from the flight test data may be found on Figs. 25a and 25b, where these 
quantities are shown as a function of the frequency of oscillation at three 
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cent.sr of  gravity positions. The value's of Cw «nd Cjj ^ used in the cal- 
culctlrn« were obtained from reference (1J3). «nd are given in Table II. Aj 
in the case of the tail load coefficient, it will be observed that the agree- 
ment between the calculated and experimental hinge moment characteristics, 
while not exact, is qualitatively good. The calculated ISO0 /liaee angle at 
the 3Z% MAC o.g. position Indicates free control Instability In steady flight. 
It will be observed that the experimental variation of phase angle as a 
function of frequency shows no tendency to return toward zero phase angle at 
eero frequency (which is necessary for free control stability In steady flight). 

! 
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. As ha« been diacutsed in a previous section of this report, the 
responses 0/ the airplane following deflection of the elevator are given 
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Included among the assumptions necessary for the development of the 
above equations are  that (1)  the speed remain« oonstant;   (2)  the deviation of 
the position of the airplane longitudinal stability axis fron the horizontal 
remains small;   (3)  the development of airplane pitching moment due to the 
instantaneous  elevator deflection is  also i ns tan t eine ou s . 

The errore due  to the first two assumptions will be small for a 
reasonable period  of  time provided that the elevator  deflection  is  small. 
However,  the elevator deflection must be sufficiently great that the responses 
are  large  enough to make  possible accurate measurements.     This  is  a problem 
connected with  the  sensitivity of the  recording instrumentation. 

Since  it is  not possible fr    the pitching moment due  to elevator 
deflection to develop instantaneously»  the predicted response will lead the 
eiperiment«l response by a small amount.    It has been estimated from reference 
(9)  that, based on the horizontal tail  chord of the B-25J of 6.3 feet and a 
true flight spred of 300 feet per seooaid,  a time  of approximately  .09 seconds 
(4 to 4.5 chord lengths) would be required to develop the ohange of tall lift. 
As a result, the magnitude of the  transient response at a given time will not 

be in agreement with the predicted value.    The agreement between the slope* of 
the predicted and the experimentally determined transient responses at a given 
peroentage of the steady state response however is not effected substantially 
by this  condition at other than very low values  of the response,  and reasonable 
agreement may be expected until speed and attitude variation* become important. 

Sinoe  the  term» outside of the braokets  of equations (47)  through 
(62)  represent the steady state responses,  the quantities within the braokets 
represent the ratio of  the transients at any instant to the final values of 
the responses.    Denoting the steady state value of incremental normal acceler- 
ation corresponding to a step deflection of the elevator by the «ubsorlpt "•", 
the theoretical value of the elope of the ratio of the normal acceleration at 
any instant to /v    is given by the following expressions! 
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Similar relationships may be  obtained for the  rate  of ohange  of 
pitching velocity. 

Ä    The  theoretical  values  of the  time,   t,   at any desired value  of  the 
ratio     /ft     may be   determined for a  series  of values  of ^    and /fe       from 
equations  (47),   (49),  or (61).     These values  of the  time are substituted in 
equations  (63),   (64),  or (56) to obtain the  corresponding  slopes.      A general 
curve of the slope of the transient at a given response ratio may then be 
plotted as a function of o and /e   .    An example  of such a curve ia given as 
Fig.  27, where the value  of   ^/fl      has been plotted as a function of    b 
tLXii/k'   when ^79,   - 0.60.    Similar  curve» may be  constructed for other  values 
of the response ratio but the eeleotion of the»« ratios  should be restricted 
to values at which the  comparison between theory and experiment may be ex- 
pected to be valid. 

/ ,    Although it is  theoretically possible to determine the values of 
O and/c    for an airplane which is less  than critically damped by determining 
the decay and period of the oscillations following the application of the 
step forcing function,  this method is not praotioal unless the  damping of 
the system is  light since  otherwise  the  deoay of the  oscillation is very rapid 
and the period of the motion is extremely difficult to observe.    It will be 
found in general tiiat the damping  of an airplane is too great to permit the 
determination of c3 and/C from the measured decay and period of the oscillatory 
response to a step function.    From equations  (47) through (62)  it may be seen 
that the steady state response  of either/T.  orQ, involve» M   jt,   fc.        and 
(in the case of/z)   [/      .     Therefore,  if tho aerodynamio derivatives  Hr and Z , 



• 

30. 

" 

are known or may bo evaluated by other experimental  twcliniques,   the.value  of 
fC   may be determined fron the  steady state response.     The  value of^J corres- 
ponding to this  value  olVC"    and    the  observed value of the slope  of the  tran- 
sient at fuS     - 0.6C may then be  read directly from Fig.  27. 

Other method«  baisod on the Laplace  transform or Carson's integral 
are available for determining the  stability constants C) and/f:'from step res- 
ponsBs.    However,   these methods also require that the aerodynamic derivatives 
Mc ancU^. be known,  and so do not appear to offer advantages over the method 
outlined above. 

It thus appears  that,  unless auxiliary tests are made,  the step res- 
ponse doe6 not permit evaluation of Z/and^of an airplane due  to the high damp- 
ing ratio which usually exists.    In any event,  it is not possible to extract 
the wealth of information from the step response which may be obtained from 
the oscillation data.    Furthermore,  due to the abruptness  of the maneuver, 
the assumption that the aerodynamic forces and moments are in phase with the 
velooites which produce  them is  questionable  during  the early portion of the 
maneuver. 

Although it appears doubtful that the response to a step elevator 
deflection above may be analyzed in terms of stability coefficients,  these 
data may be useful for determining the motion of the airplane corresponding 
to an arbitrary movement of the elevator.    If the  response to a step def- 
lection of the elevator is known,   the motion of the airplane may be caloulated 
by the Duhamel integral.     The use of this integral is described in Appendix B. 
where the use of a graphical method which employs a template of the time his- 
tory of the response is explained.     This template may be constructed accord- 
ing to the experimentally determined data. 

i 



DISCUSSION Of STEP FUNCTION DATA 

The agreement obtained does illustrate that, with the exception 
of the initial portion of the motion, the assumption of velocity deriva- 
tives (stability derivatives *hich do not depend upon the past history 
of the motion of the airplane) is as valid for estimating the response 
to a  step deflection of tha elevator as for estimating the steady state 
response to a sinusoidal forcing function. 

31. 

The increaental change of normal acceleration following a step 
deflection of tht elevator Las been determined during flight tests at e.g. 
positions of 23.9?, 24.J& 28.0*, and 30.0* MAC.    The tests were made 
at an equivalent airspeed of 175 MPii and at a pressure altitude of 10,000 
feet.    The observed recponce ratios, Pyj , and the steady state responses 
are shown on Figs. 26a through 26d.    The calculated response ratios are 
also included on these figures.    The tlae lag required to develop the 
pitching noraent following an abrupt elevator deflection is clearly evi- 
dent from these figures.    However, after a brief initial period,  the 
sfinpea of the experimental response ratio curves agree closely with those 
of the theoretical curves until »peed and attitude changes commence to 
become important.    The theoretical response ratios are based on values of 
b and k which wens determined by the oscillation technique, and were taken 
from Fig. 1?. 

The values of k and b were determined from the step data of 
Figs. 26a through 26d from toe steady state value of the response and 
the slope of the transient rpsponse ratio  airve at %j » 0.50 as described 
jnder the dlscusaion of the step function given In the preceding section. 
The values of Mc    and Z» U3ed in this analysis were obtained from the os- 
cillation tests, and theje valies are shown in Table V.    Values of b and 
k obtained from the step data and the estimated Value  of Iy for each step 
are given In Table VI.    The values of k and b corrected to a common Iy of 
60,000 slug feet"* are also included in Table VI. 

Fig. 28 shows a comparison of k and b obtained from the step 
data (using values of Mj and Zy, fron the oscillation tests) and k and b 
obtained from the  oscillation data.    The agreement between the results 
obtained by the two methods is quite good.    However it must be remembered 
that it is not possible to analyse the step data In terms of k and b un- 
less values of Mc and Z, are obtained froa oscillation tests or by other 
means. 
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CONCLUSIONSi 

Fro» the results of the flight tests which have been conducted, 
the following conclusions have been reached.   » 

1. The change of flight velocity of the airplane was found to be 
negligible during sinusoidal oscillations ovar  the range of frequencies 
at which the tests were conducted. (0.10 to 1.30 cycles per second). 
This result confirms theory, and pernlte treatment of the airplane as 
a two degree of freedom ayatea. 

2. The experimentally determined dat*i plot well to form a circle 
diagram over c considerable rang« of frequencies of oscillation. Since 
this la characteristic of a linear second order differential equation 
vith constant coefficients, it furnishes further evidence that the air- 
plane may be treated as a two degree of freedom aysten, and that the 
variation of the aerodynamic stability coefficients or derivatives with 
frequency ,1a minor over the range of frequencies which is of usual 
interest. 

Z 

3. An apparent lag between the deflection of the elevator and the 
response of the airplane was observed from the circle diagrams, which in 
general had their diameters rotated in the lagging direction. This lag 
was in addition to the phase angle which would be calculated between the 
airplane response and the elevator angle at a given frequency. A satis- 
factory explanation of this characteristic has not been obtained at the 
present tiae. 

4. The measured values of the stability coefficients b, k, b' and 
k' are in general agreement with calculated values besed on aerodynamic 
data obtained from estimates and wind tunnel tests.  The experimental 
values of k and k' are consistently greater than the theoretical values 
at all center of gravity positions at which the tests of  the B-25J were 
conducted. The experimental values of b and b1 were slightly greater 
than the theoretical values over the same range of center of gravity 
positions. 

5. The agreement between values of b, k, b1 and k' as obtained from 
normal acceleration response data end pitching velocity response data was 
found to be very good. 

6. Values of the airplane stability derivatives calculated from the 
measured airplane response characteristics in general agree reasonably well 
with values taken from wind tunnel teats of the B-25 airplan» and with 
estimates. 

7. The apparent value of the stability derivative Z.w as determined 
from the ratio of the amplitudes of the responses of n and Q was higher 
than the value estimated from wind tunnel tests of the B-25 airplane, and 
increased as the frequency of the oscillation was increased. The variation 
of £^ with frequency i^a opposite to that which would be expected from the 
theory of an oscillating airfoil, While no satisfactory explanation for 
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this trend ie available at the present time, it may be possible that other 
stability characteristics then "£iv vary with frequency in auch a Banner 
that, when the apparent value of 2„v is calculated from the amplitude 
ratio mentioned above, the observed trend with frequency results. 

8.      The phase and amplitude of the variation of horizontal tall load 
coefficient variation during sinusoidal oscillations at various frequencies 
was in qualitative agreement with calculations, but the quantitative agree- 
ment was not particularly good, rhls 1B of interest since the method for 
calculating the tall loads was basically similar to general methods for 
predicting tail loads during maneuvers, Further Investigation of this 
phase would be valuable for furnishing a check of structural load analysis 
methods. 

< 

9. The coaparieon between calculated and experimentally determined 
values of elevator hinge moment during sinusoidal oscillations was similar 
to that of the tall load coefficient variation in that, while the quali- 
tative agreement mi good« tne quantitative agreement wee only fair. 

10. 4 time lag between the response of the airplane and the deflection 
of the elevator was observed following step deflections of the elevator. It 
la believed that this wae due primarily to the time required for the lift 
due to elevator deflection to develop on the horizontal tail. The variation 
of normal acceleration in a step function maneuver agreed with tne calcu- 
lated variation once the Initial time lag was exceeded. 

11. The experimentally determined step function response may be used 
in conjunction with the Duhamel integral to obtain the response to an arbitrary 
movement of the elevator. 

12.     No method has been found at the present time for obtaining the values 
of the stability coefficients b and k from the step responses without the uae 
of aerodynamic data obtained from other sources. 

13. Using the portion of the step response following the initial time 
lag, and using values of the aerodynamic derivatives taken from the oscillation 
tests, the values of b and Jc obtained from the step responses agree vary wall 
with the value» of these coefficients obtained from the oscillation teat«. 

14. The forced oscillation method is of considerable utility for de- 
termining the response characteristics of an airplane for use in the design 
of automatic pilots, and furnishes a method for measuring the stability 
characteristics of airplanes or other devices for which reliable stability 
parameters may not be available or cannot be obtained conveniently by 
theoretical analysis or wind tunnel tasting. 



APPEND»   A. 

STEAUX MOTION OF tdi AIRPLANE 
DURING A 3INJSOIDAL OSCILLATION 
Of THE ELEVATOR. 

Ititroduction 

?4. 

( 

A simplified treatment of the response in a  vertical plane 
(•longitudinal notion") of an airplane due to movement of the ele- 
vators has been presented by E. V. Laitone In reference (13)» This 
theory assumes that changes of the velocity along the flight path may 
be neglected during the period of the response of the airplane to the 
given control motion, thus reducing the motion to one of two degrees 
of freedoii. (Pitching velocity and translational velocity along an 
axis fixed in the airplane and perpendicular to the flight path in 
steady flight.) The validity of this assumption has been verified by 
calculations made by classical methods in which speed variations have 
beer, considered, and have been found to be small, and by actual meas- 
ured speed changes during sinusoidal oscillations in flight. 

The fane assumption is contained in references (12) and (15), 
which also treat the problem &£  the longitudinal .-notion of an airplane 
following •aovenent of the elevators. Based on ihe simplification of 
constant speed, It has been shown that the response of the eirplane in 
eujh of the twv remaining decrees of freedom nay be presented in a form anal- 
ogous to tne solution for the ir.otion of a spring restrained iiass having 
viscous damping. It is the purpose of this appendix to present the the- 
ory of re3po-\'e to a sinusoidal elevator motion in more detailed form 
than tha presentation of reference (14), and to anolify tills theory to 
include the response of the airplane to a sinusoidal variation of eleva- 
tor hinge moment, and the variation of horizontal tail load and elevator 
ninge moment durlnf; sinusoidal oscillations. 

Axes 

(    ' 

Standard NACA stability axes are used throughout.   Thece 
axea are fixed in the airplane with the origin at the airplane  center 
of gravity, and are so oriented that the positive x axis is directed 
forward and parallel to the flight path in undisturbed flight.    The 
positive y axis is perpendicular to the x axis and parallel to the 
plane of the wing (positive to starboard),  and the positive t axis is 
perpendicular to the xy plane and is directed downward.    The orienta- 
tion of these axes with respect to airplane body axes varies with the 
initial angle of attacic of the airplane in undistanbed flight, but these 
two systems of axes remain in a fixed relationship with respect to each 
other during a given oscillation or maneuver. 
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Symbols 

A definition of the quantities which influence the longitudinal 
notion of the airplane Is given below. A number of these quantities 
have a negligible effect on the notion of the airplane, but are inclu- 
ded to give a complete picture of the variables which enter into the 
problem in the general case. Kith the exception of the pitching mo- 
ment due to the tine lag of downwash at the horiaontal tail during man- 
euvers involving changes of angle of attack, all of the aerodynamic 
forces and moments are based on the conventional velocity derivatives 
which have been used for airplane stability analysis in the pa3t. 
(See reference (16)). 

Ü - Initial velocity along the x axis in undisturbed 
flight. Positive forward, ft ./sec. 

W - Initial velocity along the a axis In undisturbed 
flight. (Made aero by choice of axis orientation.) 

u - Incremental velocity along the x axis of the 
airplane. Positive forward, ft./sec. 

w - Incremental velocity along the z axis of the 
airplane. Positive downward, ft/sec. 

0 - Pitch angle between the airplane x axis and the 
horizontal. Positive for nose-up displacements. 
Radians.        _ 

q - 0 - Pitching velocity about the y axis of the 
airplane. Po.ii.tive for nose-up rates. 
Radians/sec. 

U    -    Mass of airplane. Slugs. 

L - Moment of inertia of airpl&nc about the y exis. 
T   Slug ft. 

n - Incremental total acceleration along the airplane 
z axis. Positive downward, ft./sec. 

c 

st- 

Incremental horizontal tall load from initial 
conditions.    Considered positive upward.    Pounds. 

Area of horiaontal tail,    f t.^ 

Tail length. Distance from airplane center of 
gravity to the center of pressure of the tail. 
Considered positive.    ft. 

^t = 

HUE 

^c _ Incremental horiaontal tall  Load 
W%       coefficient. 

-Incremental hinge moment of the elevator.    Positive 
when it tends to deflect the trailing edge of the 
elevator downward,    ft.  lbs. 
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UM of the  elevator,    ft" " "*»• 

fÜ^e-    coefficient      P„    .,  hil?e m0ffl9Bt     ' 

a ä^'ä sar-a- 
C* * \   

x 

z 

a 

"a 

lS     - 

- 5     *• ) Effective change of angle of attack of 
c) £   L       the horisontal tail oer unit elevator Nt deflection. 

- force along the airplane x axis.    Positive 
forward.    Pounds. 

- force along the airplane z axis.    Positive 
downward.    Pounds. _«__ 

- Pitching waant about airplane y axis. Positive 
for nose-up.    ft.  lbs. 

- Indreaentul elevator deflection from initial po- 
sition iu undisturbed flight. Positive trailing 
edgt downward.      Radian3. 

- Incremental change of tail angle of attack.    Posi- 
tive if it tends to produce a positive change in tail load coefficient. 

*X     . 
3TZr * w 

^^ 
1—   * FW 

•3, >* 

^        _L- 

Vsec. 

Vsec. 

ft./sec. 

ft./sec.2 

S/sec. 

ly'sec. 

ft./sec. 

ft./sec.2 

1/ft. sec. 
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*w - 4Ä   *J~        l/ft.   sec. 

= c>_*L     .    L j/ft. 
duJ-       X) 

m cjI«! , Jfc- l/sec. 

H .        = 'Iti   , _!_ l/sec/ 0        5T   *> 
A bar placed over a variable indicates the rniuciotum value 

of taat vt-.riable during an oscillation.    Tue eaplitude may be either 
positive ir negative,    i.e.    £ is the maxiraun amplitude of normal ac- 
celeration during an oscillation,  and may be either positive or nega- 
tive. 

Vertical bars placed around a variable indicate the positive 
value of that variable, i.e., |n| _is the positive value of normal ac- 
celeration at a given instant. / n I is the positive maximum amplitude 
of nomal acce Leration. during an oscillation. 

Equations of Motion In the Plane of Symmetry 

Tue equations of the motion of an airplane in the plane of 
symmetry are written below based upon the following assumptions« 

(1) -The reference axes are fixed in the airplane aa 
has bean described above in the section defining 
axes. *• 

12)    Tue airplane is initially in horiaontal flight. 
(3j    Ali disturbances are sufficiently  small that 

angles  aav be considered equal to their tangents. 
(4) All aerodynamic moments and forces  (with the ex- 

ception of the moment due to lag of downwash at 
tue horizontal tail)  are considered to, vary di- 
rectly *itii linear or angular velocities,  and are there- 
fore not dependent upon the past history of the airplane 
motion or on the linear or angular accelerations which 
exist at that moment. 

(5) It is assumed that small lateral disturbances which 
may exist do not affect the aerodynamic forces or pitch- 
ing; moments in the plane of symmetry. 

(6) Second order inertia terms resulting froa the product 
of two infinitesimal velocities are neglected. 

As described in reference (16), the equations of longifr'-dinal 
motion may then be written: 

(Bq. 1) 

(Bq. 2) 

(Sq. 3) 
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7ui  folllnwinj siaplifications .nay be made to equations J, 2, 
and 3: 

(1) As iius oeon discussed previously, the variation of 
velocity along the x  axis aay be considered to be zero. 
Therefore equation 1 may be omitted, and u may be 
oonsidered to be zero in equations 2  and 3. 

(2) Zq and Zj are small for conventional airplanes, and usually 
may be omitted without introduction of appreciable error. 

dased uponathese simplifications, equations 1, 2 and 3  may be 
rewritten as follows' 

(ur-0<i)  -  ~d'^ UT (Eq. U) 

f 

Solution of Equations of Motion: 

Equations 4 and 5 are written in operational fora (where V •  gri) 

(Dur-Uq.) - !„,"- (Eq. 6) 

D^s^+DM^^M^f Ms S 
(£q. 7) 

Equ&tions 6 and 7 fcay be solved simultaneously by the  usual 
methods to obtain w and q as functions  of tine,    however,  a more phy- 
sically significant solution  say be aade if these equations are written 
in  teras of the variables w and q,  and these variables are then separated 
BO that two second order differential equations are/a single variable. 
This separation of variables is now illustrated. 

Equations 6 and 7 may be rearranged in the following manner: 

(Eq.  71) 

c 
To eliainat« the pitching velocity, q, the usual algebraic 

operations are performed on equations 6' and 7'. 

u 
W uT- q   ~  O 

OS». «) 
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DMA. f My.  — ur   +-  q  - 
D - tAa (Eq. 9} 

Adding equations 8 and 9 

w- )ur 
Ü D - M * •: 

C7-M, 
(Eq. 10) 

f(D-?^;(D-Mg) -^pM^M^ur -  L/Mj S (EQ- ID 

( 

( 

Collecting terms, 

13) 

Now let       b -   ~{jgv fM*-*   UMiSr) (Eq.  U) 

* =    ( Z^ M«.   ' U Mco- ) .       (Eq.  15) 

Then   £$ -f- fc> ttr     -f- -^ UJ- *   ÜM^-    X (Eq.  16) 

Since it is difficult to determine toe translation»! velocity 
walong the 8 axis experimentally,  but since the ta-fcal acceleration n 
along the z axia Bay be determined quite aimply, it is convenient to 
write equation 16 in terms of n rather than w. 

By definition,      n -    ( x£-   —   \J a ) 

and, from equation 4, 

CuS- -Up) 
Therefore,      n =»       7     W 

r 2v* U>~ 

•iß 
(Eq. 17) 

This result is to be expected, since w is proportional to the 
additional angle of attack required to develop the additional lift on 
the airplane which balances the inertia force due to the additional ac- 
celeration n. v 

Equation 16 may then bo rewritten 

(Eq.  16») 

• 
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An equation for the pitchinj velocity may now be developed by 
similar algebraic operation on equations 6' and 7'. 

ur- u 
D- 2w /    - O 

O  - N 
u/" -f-   f 

\ 0 - 2 MI 

OHwfHu/ 

0 - Al< 

t   J,. 

OM^ + Mur / 

"* f 
DM^+Mw 

- h\ I 
QMUJ- •> Mur 

(Eq. 16) 

(Eq. 19) 

(Eq. 20) 

[0Z- D^ur -OM^ t^ur N^ -DUM.fr + \}H^y r  fa^ fß-^uJ ) 

(Eq. 22} 

2ur ) 

(Eq. 23) 

(Eq.  24) 

»hers b and k «re defined by equations 14 and  15. 

It has noiv been 3ho*n  that,  subject to Ltie basic assumptions 
mad« IT »rltlng equations 1 through 5, the longitudinal notion of the 
airplane my be represented by two independent linear second order differential 
aquations with constant coefficients which are summarized here as 

t° 4. fa n + & h    »   U M^ ^ f 

I"   + 4>f    fir/*   M/  (/-   ^J"    ) 

wnere 

and 

I» -    - (Sur + M& ^DHur) 

* -   (j5k^HÄ-U Hur) 

/-   /et) 

(Eq. 16') 

(Eq. 24) 

(Eq. u) 

(Eq. 15) 
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These equations are identical to tho: e of the forced motion 
of a spring restrained mass with viscous damping (a  conclusion »hieh 
naa also stated in  reference {\2)  )•    T.:e  coefficient k la analogous 
to the sprln£; deflection rate, and b is analogous to the viscous damp- 
ing coefficient.    Analogy may also ba drawn to an electrical  circuit 
containing inductance,   resistance, and capacitance. 

The fans of equations 16' an<i 2/s suggests that the  coefficients 
of the equations T.ay be determined by applyin ; Special type?  of forcing 
functions and observing the response of the airplane, a technique which 
has Deen employed ii  .>ther forms  of dynamic   iea3urerient and analysis  for 
many years.    The  response of tho airplane to a sinusoiial application of 
the forcln . function (sinusoidal oscillation of the elevator)   Is next, 
considered.    T:ie res onse  of the airplane  to a sudden (ste,j) application 
of the* forcin.,  function ia considered in appendix 3.    A nethod of an- 
alysis of tfiL  response Jat,a obtuaned during steady sinusoidal   csci na- 
tions at various  frequencies to obtain b and .<,  thfr  coefficients of the 
e4uations of notion,  is  contained in appendix C, ani a nethod of analy- 
sis to obtain tat  aerodynamic derivatives from these coefficients' and other 
auxiliury data  l.~  contained in appendix P. 

Steady State Motion of the Airplane Resulting From 
A Sinusoidal Oscillation of the Elevator. 

Consider the special case in wtiich the elevator Is oscillated 
sinusoidally at a constant frequency and maximum amplitude.    The ele- 
vator angle at any particular instant nay then be written 

d /£/ Sin   tvt 

where /// is the positive maximum   ieflection of the  elevntc 
and  LO   is its circular frequency in  radians per second. 

To find  tii«-  variation  of tiie total incremental acceleration, 
along the  z axis at the airplane   center of gravity, 

n + b n 

+ bh 

•Jk n - OHf *us f 

° + Jm=   UMf ?«r  IS" )smu>t 

(Eq.  16') 

(Eq- 25) 

Tub conplete solution of equation25 involves two additive 
parts—tiie  complementary solution  (obtained by placing the right.hand 
slue of the  equation equal to zero) and the particular integral which 
is obtained by consideration of the right hand side of the equation. 
The complementary solution represents the transient of the motion, whereas 
fche particular integral represents the steady state motion.    Since, in 
this proble«, we are interested in only  tiie steady state response,  the 
complementary solution need not be found. 

. 
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The particular integral nay be found most easily by oper- 
ational methods. 

n f   f   bn   f K n - UM$ 2„ Iff    JO*1   cot 

i cot 
Since     e -    Coi    'ot   f '   s"y'~"i 

Then 
t'mjf /D* 4 \> Öj» ff) n Jr   UMS£W lifje'" 

"whsr^y (f        represents the coefficient of the imaginary 
par!    cf   p<w' 

asit*c 

«'cj<f" 

•« 

Now perform the operations indicated on J e 

Since   De        ;   b c~>) e 

then D aay be replaced by * *** 

Therefore, equation 27 may b» rewritten in the for» 

- - 9 <<•>''"* 

n _  LMWS 2Vy,/j7     j> (cos cji -r IStr» coi) 

(Eq. 25; 

(Eq.  25) 

(Eq.   ?7) 

Equation 28 is now rationalised. 

n=   UMj 2^/0   ?(C«s*»ti*t S,ncoi)^    («_CJJ_ c^cjj 

/ff    "" feW?*»»*»!1*   (/"^ Cos w^ + (M-*fjj*« w*] (Eq. 31) 

(Eq.  27«) 

(Eq.  28) 

(Eq. 29) 

(Eq. 30) 

i 
:• 
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Equation 31 way be simplified by use of the trigonometric 
identity, 

fic , cot   +   B  S«v   to*  = M     f 6L    S.«  o tot  4   tan" 4 ) s / 

Sin [cji  i   /o 
(Eq,   32) 

I 

Equation 3i'  represents the steady state response of the in- 
cremental aootlfT*t£ao at the airplane  center of gravity per unit maxi 
mua elevntor  Reflection  (  (ft./sec.  )/rad.) as a function of the airplane 
stability c/iaracturlstlcs and th* circular frequency (in radians/second) 
of tne elevator oscillation. 

Equation 24  aay no» be solved in a similar manner to obtain 
the steady  response of pitching velocity to  the sinusoidal elevator de- 
flection . 

jS I      Si*   <~>i 

(Eq-  U) 

r 

'<l      f-    £"J     *•  Ä "? =       Mj   I* I    (<X>  CcS   £0i    ~Z^   5 KY    rot ) 
(Eq. 33) 

The steady state solution of equation 33 nay be found by di- 
viding tne  right hand  side of the equation into two parts,  solving for 
each part, and then adding  these two separate solutions  to obtain the 
totai steady state  solution.    The procedure followed is exactly the 
same as  thut given above .for the acceleration n, with tho exception 
that the real part of   QL"t   (^g'°^Jis considered when obtaining the 
solution of th<- term involving    Qos <-*Jt . 

By thin method tne Hteady state solution of equation 33 is 
found to be 

>-, - M: % 
-•I    _ I\,/I-\K*/  *• UJ' 

U-^)it(b^r 
«S"i<v aji +  fan" (Eq. 34) 
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Comparison of equetions 32 an i 34. shows  that a simple relation- 
sliip may be derived for obtaining Z„      from the ratio of the amplitudes 
of   h_ 'and     _^ 

If 
From equation J32 

r 
>. 

v^ 

/ 

(Eq- 35) 

Since the true speed and frequency of oscillation are known, 
the value of the derivative Z„ nay be obtained from the ratio of the 
amplitude of the n and q responses during a steady sinusoidal oscilla- 
tion- 

Steady State Motion of the Airplane Resulting From A 
Sinusoidal Application of Elevator flingR Moment. 

If an airplane ia disturbed fron steady,  rectilinear flight, 
the increment of elevator hinge moment  coefficient (assuming that the 
trim tab position remains unchanged) Kill in general be a function of 
the change of elevator angle and tail angle of attack from their respec- 
tive Initial values; the aerodynanic hinge moment coefficient parameters 
of the elevator, Cj,      and 

% 
the linear dimensions of the elevator; 

the equivalent airspeed,  the aerodynamic hinge moment due  to angular 
velocity of the elevator (aerodynamic damping); the total angular accel- 
eration of tiio eiev.itor ani its raoaent at inertia ; and the static mass 
unbalance of the elevator ani the incremental normal acceleration at 
the horizontal tall. 

An analysis of the order of magnitude of the above effects, 
however,  atiows that several of these variables may be omitted without 
Introducing appreciable error.    Thus, for small oscillations of the 
elevator and frequencies of oscillation in the range being considered, 
( U) less than 10 radians per second), the effects of the aerodynamic 
damping and moment of inertia of the elevator are negligible.    The com- 
bination of incremental normal acceleration at the   tail and elevator 

r 



( 

«M unbalance . 

durin, a    *? *««••«.„,*!   „ ne^iTible 
ai3turfc«nCe    f «•   -f olevatoi- hf« 

l'EtJ. 36) 

J* a  ~   +  ?J* 7 
ln«+-c*-   . . / /     / «3UhÄ+-C*        I    - £ 1    ml 

(Eq.  37; 

-*-w«B 36 and , 

^ -—-—J?? '  *  3= S Jf» oil 

tej- 3s; 

^ ^«tiv£  ^-ai equatlon 

te•s «* the 

(Eq.  39; 

to. ^°   - WH,? e 

(.£*, Mr 

(&1- 16») 

-U(K~M, £± 

(H. 40) 
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»I««« 40 ^ be rewritten as 

wuere    b' 

or 
fc   + 4 fc 

(Eq. 40'*) 

(Eq. 41») where  4    b    -     M    C A       ( 

'S   u J^ .   .-  _, 
and        k' mfp 

»here    4 k    =   M  Ck 
^   ±A   (,..,16   _J5, 

CK, _   - *t 
3*        <J   '^ / 

»ay b6 arrivedVatrlntiün ?' P"*** velocity with    l •t by a similar fflethod>     «V with elev9tor hlng<j ^^ 

(Eq. 431) 

(Eq. 44) 

k   ^ iMilir^l«!^ *£] 
(Eq- 38) 

E^uationfl 6'  anj  7'  aay now be rewritten as 

- (twt • ^K *c>- |V1?)*- ^ ^ - a< f* 0-Jj;fg ty § * £ ]} <*. 45) 

Equation 45 may be rearranged to elininate terms involving 
w and q on the right hand aidei anu * may be eliminated between the 
resulting equation an; equation 6' in a manner sinilar to thet used 
previously in deriving equation 24. The resulting equation for q is of the form 

where b' and k1 are defined by equations 4-1 *nd 43- 

(Eq. 46) 
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the  response of the airplane to a given elcv;to>- hin^e inraent 
has now beer:  shown to be 

•+ U h -i J, o   I I  ' VMj-Zv   c, 

0Ü      )'J        L   A   - Mr   /   ° 

<f 

b'-UAb = -[2^+H^^4r 

(zq. tä) 

(Eq. 46) 

4- AJ; 

»here    C 'h f(t) 

Equations 40'  and 46 are exactly analogous to equations 
16' on i 24.    Therefore the  response of tile airplane to a sinusoidal 
elevator hinge aoment "iay be obtained by analogy to equations 32 and 
34-    The desired equations of response to a sinusoidal eltvator hinge 
no.Tient are then 

Ol'>     U t   f "/it» 
V ^/\ -to1. 

(Eq. 47) 

=. Mr 
•iLkT1"^ 

£*, lUt'-io*;* f (6'tu)* 
Lt^o^^'-^^u 

{-Zur(A'-U>V +t>'u,*j 
« fEq- 48) 

where Cfa  -    /«£"   / 5>>? /tJ £ 

Tne raapoase to a sinusoidal elevator hinge moment coefficient 
has thus been found to be similar to the response to o sinusoidal elevator 
angle.    The Stability coefficients, K and b and k'  and b',  differ from 
each other by increments defined by equations 41 through 44. 

IP. 
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I 

Variation of Horizontal. Tall Load 
Durin.'. toe Sttaay OB filiation 

The variation  of the horizontal  tail  load during a sinusoidal 
oscillation My new be calculated  (bused on the  assumptions inherent 
in the equations of motion given by equations 6'  and 7')  fron the re- 
sponse equations derived in  the previous  sections. 

Tue incremental tail load coefficient at any instant is 

Cttt   - ^4   **± 

*•«    A^s d* -&•€ -h d£.     + •?$*  f 7\ g- 

Then 

Since n • Z^w, then equation 51 iiay be written 

E (7 L 

d^ 

S 

Now assuming       g 

From aquation 32 

u      ZH,    S    . 5 J 

/§/     TJOf-^V1 Kik ^)l 
S IN (cji 4- icii 

hcJ 

H-<^ i) 

or 

($~£j-)JlH w^ ~0»WJ ^^^ 

Baaed on equation 32* 

(fcq. /.9) 

(Eq.  JO) 

(Eq.  50') 

(Eq.   51) 

(Eq.  51') 

(Eq.  32) 

(Eq. 32') 

(Eq.   52) 
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Froa equation J4 

;. 
; M (Eq. 34) 

Q Mi r - \ ,      / 

ft ^^^i^^ **" ^'^*M«-k^ ^ j (*. 34' 

Ttie equation for ~ t  (equation 51') <aav Otm ke rewritten 
.'Si 

based on the valups of n, t, and q given by equations 32', 52,  and 
34'.    This results in the following equation for the tail norsal force 
coefficient. 

lit 

)\ ü s IN    Wt 

(Eq.  53) 

An exaaination of equation 53 shows that it ia of the form 

777 U   / 
(Eq. 54) 

where C is the sum of the coefficients of the cosine terns within 
the braces of equation 53, and S ia the sum of the coefficients of the 
sine terra» within the braces of thiB  equation. 

It is then finally possible to wri'ie the equation for the var- 
iation of tail load during a sinuaoida^ oscillation of the elevator as 



c«. - \Tt 

III     u   i 
+ V 5*/N (< ^ -/  /an'   T ) 

fBq- 55) 

L-- 
k 4$, 

(Eq. 56) 

r _ J - 
'UtAiQ{-cS-)0~^)   t uMchoJ-k^S 
(K-c^V'-Hicj }l (K-cJ-P 

SSL +.b\k*t(m2»(M')*kef) , v , , i—<^- 
(£q. 57) 

and S -   Si fM tj-S 

f € 
Variation of the Elevator Hinge Moment 
{taring the Steady 03clllation 

AD was pointed out in tue  derivation of tne motion of tne air- 
plane  corresponding to a sinusoidal variation of elevator hinge moment, 
a rigorous treatment of this elevator hinge moment would include the 
effects of the moment of inertia and mass unbalance of the elevator, 
and the aerodynamic damping of tne elevator due to its angular velodity. 
It was pointed out, however, that these effects were of negligible mag- 
nitude at the frequencies of oscillation which are being considered here 
(cJ icSü than 10 radians per second).    Therefore, It is possible to 
represent the incremental change of elevator hinge moment  coefficient dur- 
ing a small disturbance of the airplane by the expression 

Ch -C-J+C^ # (Eq.  36) 

where 

or - [*' (i-±*) 4-if * 4L f 9 $t 7 

or, eince w *  J2- 
«5 vs/ 

I 

(Eq. 37) 

(Eq. 370 



51. 

i For u sinusoidal elevator nation, 

S  s   / 87   5 "V  c-J ^ 

und from e^u^tions 32',  3<i'  and 5J 

(Eq. 32') 

(£q- 52) 

+   ?w ^V  CeJ   "*   ] 

(Eq. 34$ 

For the  sinusoidal elevator notion equation 36 may now be 
written in the  following form 

A* Mt 

(bw;s"iN^ h{K~tj-)c*s<^-tJ 

(JwTLff7   ^w(^""'; f '^'"^ + (L,öf,ft^ f i^^)Os<^iJ 
(Eq.  58) 

Examination of equation 58 shows that it may be reduced to 

where C is tue coefficient of the cosine terma of equation 58, Q"1«! 
S' ia the coefficient of the sine terms. 

c I  I- *« 

(Eq. 59) 



• . 

S -- CKS f 

(Eq. 60)    . 

and 

'. 

a» 

(T. =\C,tfS,£   SiW(w^-/o,-'c^j 

(Eq. 6i) 

I 
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APPENDIX B. 

MOTION OF AM AIRPLANE FOLLOWING A STEP DEFLECTIOH 
OF THE ELEVATOR, AND THE MOTION RESULTING FROM AN 

ARBITRARY ELEVATOR MOVEMENT. 

Introduction 

An analysis of the equations of notion of an airplane in 
a vertical plane following movement of the elevator »as made in Ap- 
pendix A, and this analysis «as extended to include the steady response 
of the airplane to a sinusoidal oscillation of the elevator. In this 
appendix the general equations of the motion of the airplane are solved 
for the case of an instantaneous (or "step") deflection of the elmvator. 
It i3 then Shots that the response obtained from this solution may be used 
in conjunction with the Duhamel integral to obtain the motion of the 
airplane following any arbitrary time history of the movement of the ele- 
vator. A  generally si^ilur treatment has been nade in reference (12). 

Response of Normal Acceleration at the Center of Gravity 
of the Airplane Following a Stejj Deflection of the Elevator 

As has been  pointed out in Appendix A, the change of speed 
which occurs during ordinary movements of the elevator has a negligible 
effect on the motion of the airplane, and it is therefore permissible 
to reduce the problem to one of two degrees of freedom. Based on this 
assumption and assumptions coaion to the analysis of the dynamic sta- 
bility of airplanes (see Appendix A), the motion of the airplane has 
been shown to be 

q'-rbq'-rkq - Uj-U-^6 ) 

where b = -(Z„ tUqt ÜM,) 

k = (Z^l, - DM») 

and f -    f(t) 

(Eq. 1) 

(Eq. 2) 

(Eq. 3) 

(Eq. i,) 

The definition of symbols used in equations (l) through (4) 
may be found in Appendix A. 

It »ill be assumed that / r 0 for all values of t*0, and 
that d « <?~i  for all values of t>0. The solution of equations (1) 
and (2) for n and q will now be found. Since the transient of the 
resultant motion is of importance in this case, it is necessary that 
both the cojKp.'-ementary and particular solutions of the equations be found. 
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Equation (1) may be rewritten: 

(D2^ bD rk) n -  UMs Z, fj (!•) 

Tiie complementary solution of this equation is of the form 

q e ^'tf c2 e 
2 

where   if\  and   X^ are roots  of the equation obtained by 
placing the right hand  side of equation  (l)  equal to zero and sub- 
stituting f  for the operator D. 

<TZ-rb S + k    -.    0 

«1 

Y* 

b -rT/b*-4k 
2 

b- 7b2-U 
2 

The particular integral of equation [!')  is found to be 

k 

The complete solution may then be written 

,-b- t25ä a   = cxe 
m t +c2e~ 1     +      ü!£!l_    («q.  5) 

In    -der to 6^ Juate the constants C    and Co, equation (5) Is 
differentiate!. ,  and the ia.own values of n and n at t = 0 are instituted 
into equation  (5) and its derivative. 

n iiS  Cl <o -b^T^k", t f -b-/b^k"  ^gdJfe£ t 

when    t =• 0,     n = 0   and n = 0 . 
&i h 

( o   = 0   at t 3 0 since there la no incremental force acting 
*1 

along the c axis at t » 0. This is true only if Z,Si is of negligible 
• magnitude. ) 

By placing these known boundary conditions in    Equations (5) 
and  (6) the c nntants Cj and C„ are found to be 

(Eq. 7) 

(Eq. 8) 

'6 

c2 = -UM, 2W /-**y»»-<w ) 
7f l 2 /P^TF ' 
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I Substituting the result of equations (7) end (8) into aquation 
(5), tne solution for the ti=e history of the incremental normal acceler- 
ation at the center of jravity of an airplane following a step deflection 
of the elevator is 

.  (Eq. 9) 

The term outside of the bracer of equation (9) is the steady 
state response, and the tersis within the  bracen  c^ntfiin the transient 
effects. 

If the short period notion of the airplane is less than cri- 
tically damped (as is frequently the case),  then b2< £k.    Equation (9) 
may th»n be written more conveniently by making use of the transfor- 
mations ,/-;.  7T, ,—— • , 

and 

Equation  (9)  may then be rewritten in  the form 

»,        K       I y« K -1^-       J (Eq.  10) 

By aaicinfj use of the relationship 

B 
equation  (10)  'nay be further simplified by combining the 

cosine arid sine terms into a single sine term when b  < 4k. 

|^-        K        ['     e        f4«-h f     2 fc        ?I (Eq.   11) 

If the airplane is more than critically damped (b2>^jc) equa- 
tion (9) iiay be written most conveniently In terms of hyperbolic func- 
tions by neons of the transformations 

and 
•l£z2«i 

Co snVn^-t - S,«H y^ß( 

• 
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I jVe^H £^_" * ^ r(NM 4^LV J j 
(Eq.  12) 

By Baking UBB of the relationship 

A cosh Ü + B sinh© = Vfl2 - A2 sinh (6» + tanlT   A ) 
a 

equation  (12)  may be further simplified b-^ combining  the 
cosh and sinh terras into a single  sinh terms wnen b*"-> 4^- 

jj = UMj^-e^^H^   * *«nhJ ^ Jj j (Eq-   13) 

When b = 4i, the motion corresponds to that of critical 
damping, anJ equation (5) is St  the for« 

£ = (c, + c,i)e (Eq. 5') 

Based on thu initial conditions that, »hen 

t - 0, n = 0 and n = 0 
si,    *    h 

equation (5'> reduces to 

\ 

f)   _   U MJHJV [,- e'kt(n- $1)] (Eq.   U) 

Response of Pitching Velocity of the Airplane Following A 
Step Deflection of the Elevator 

for t> 0, S » £      and S = 0. 

Therefore equation (2) may be written, 

(D1 f  b   D   +• Kj ^   =   - M5 ?w fj (Eq-  2') 

By the sane nethod used in obtaining equation (5), the 
complete solution of equation(2') is found to be 

bZj|^£ri_ MtZw (Eq. 15) 

- .   . 
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The derivative of equation  (15)  is 

-b »Yt'-TH ^     ,   jrr-^r-. -J-Vj>l:4Kt ^_(-^^)c,e—'!-   A^^^e-0"?' 
(Eq.  16) 

wuen. t = 0, q    - 0 and g_      - M. 

Tue above boundary conditions,  when substituted into equa- 
tions (15)  and  (16), yield the following values of the ootictants 

Ci   and C 2  : 

C    r   "•?"   I   Lfv    f  b+   Yb 

2 "VV - *V « 

K 

(Eq.  17) 

(Eq.  18) 

When thi values of C| und C~ from equations (17) and (18) are 
substituted into equation (16), tat finai. form of tue resultant exores- 
sion is    . 

„   it,z- v< i        - >2E5* t 

X'- - V j •c    I ,-^F= (*. «) 
7! 

Now,  replacing the exponential terms within the brackets 
of equation  (12)  by  their trigonometric equivalents,  equationfl(19) may 
be written in  the  following convenient  forms. 

When    b* < JJe. 

l^^-^fEF,,.^*-'^)] 
(Eq.  20) 

(Eq.  21) 

* When b   >  Ik 

I -  if 
(Eq.  22) 
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..--ii"/!-«        lT-r —   -  '     J/'VHl-T  ' M   V      / 
1 K     [ |tV-^ (Eq.  23) 

V-hen b    : ik,  tue notion  corresponds to that of critical 
damping,  ani equations(15)  Is of the  form 

i~    Z   (C,+  '-it c,t) e At Mil- 
(£q- is«). 

and with the initial condition that, when t » 0, £ - 0, £ = Mg 

Si        «i 

equation  (151)   reduces to 

\ =   -^|(-e
4t(M^^fj] (Sq.   24) 

Equations   11,   13,  1-4 ^^ <1«  23 ar.d 24 give the most convenient 
forms  for th:   vuri  tion  of tne n and  q responses  to a  ntei deflection of 
•-he elevator for ail possible  relationships of b and '&.    Similar equa- 
tions  for the  change  of angle   of attacic of the airplane   (which  is  similar 
t    tne  change  of n)   following a step deflection  of  the elevator are given 
in reference  (12). 

Response  of Normal Acceleration at the Center of Gravity 
and Pitching Velocity of an Airplane Following a Step 
Application of Elevator Hlr&e Moment. 

Based  on  the assumptions that the  effects of the aonent of 
inertia and the aaso unbalance of the  elevator night be neglected, and 
that the hinge njraent due  to the  angular velocity of the elevator is 
also negligible,  the equations of notion following the application of 
hinge moment were  obtained  in Appendix A. 

n   +  fc, n   + K n Ch 

t( +• b'4 + * H   - 
Cnc 

(c\ -2~, Ch) 

(Eq.  25) 

(Eq.  26) 

where    C_  = f  (t) 

ana  «.'   and  b'  are defined by equations 
Appendix A. 

;l)  and  (43)  of 



Trie assumptions stated above are obviously violated during a 
step defection of the elevator.    However,  the effects of inertia and 
damping will be appreciable only for a small tiue interval near zero, 
and the above equations are probably  sufficiently accurate for the itep 
application  of s.-nali hinge moments.    Furthermore,  tht  theoretical re- 
sponse to a step application of hinge moment is useful for determining 
the response to an arbitrary tine history of hinge moment by the Duhamel 
integral.    (The use  of the Duhamel integral  is  described in a later 
section of this  Appendix.) 

Equations   (25)   and   (26)   abov«  ny»  analogPy3  to   Sq ticas 
(1) and (2). it i.°. therefore possible tf> »rite the equation of the, 
response of tue airplane to a step hinge monent by direct analogy to 
equations  11,   13,   Li»  21,  23 and 21*. 

Wiien bl"<£ Ak' 

n   . iJVkgy 
Ch 1     CAf «' 

5-.N/ b'    'J 
Bq.   27) 

linen b'     > 4«' 

(Eq.. 30) 

Fhen b' = -U' 

ChX"  C^j  K'      I 

NAcHvv   r 
i - e *<(•+&• D*)] 

(Eq. 3D 

(Eq.  32) 



Airplane Motion Following an Arbitrary Tine History 
of Lievator Movement or ar. Arbitrary Application -f 
Elevsto" Hlngg .Moment. 

Having obtained the solution  to the response of the airplane 
following a  step deflection   jf the cor.trQl,  it is no» possible to ob- 
tain the response associated with an arbitrary movement of the  control 
by the use  of the Duhamel integral.    This method of obtaining the res- 
ponse In the genera', case of control notion haa been pointed out in 
references     (12),(U).   and  (17). 

By  tne Duiiamel integral  (the derivation of which may be found 
Ir r«f9'*ffr:ee(ISJ  ),   Ui« ueöirea responses to un arbitrary elevator mo- 
tion are 

iW'-fzct-r) *Bff>'f;3$ff)\i<* 7)4? 
°    S (Eq.  33) 

n 
(Eq.  34) 

Where q(t) and n(t) are the desired time histories of pitching 
velocity and normal acceleration, 

with time. 

and 

^LL    f'T)   is the variation of  —- 
cfT K-J «Jcf 
d 8  ($) is thfe:  variation of dg   with time. 

e/(77    is the variation of elevator angle  with time. 

It is assumed that £ (0)  s 0 

An alternate form of the Duhamel integral maces use  of the 
response to a unit impjise,   9L   (%,) and   % (Q.\   ,  rather than the 

response to a unit step application of tne control.    In  this .ca;?e the 
response is given by 

(Eq-  35) 

(Eq. 36) 

Equations for the response to an arbitrary application of 
• levator hinge moment art jbtair.ed simply Dy replacing Q- and %. in 
equations (33)  through  (36)  by   £•  and    H_   . $1 g, 

Ck 1 LU< 



A  simple graphical method  of obtaining the  solution of the 
Duhamel integral is given in reference  (1).    In thic method the given 
elevator time history is divided into equai  increments of deflection, 
ana the nldpoint of each of the   resulting ti.je intervals i3 noted. 

The response  to a step deflection of the elevator of the 
cnopen magnitude A S   is confuted by the nethods described earlier in 
this appendix.    A- cardboard template  of the   computed response to the 
step def jtction 4 Si  ':aJ' then be  obstructed.    The   origin  of the  tem- 
plate is  placed at tue midpoint  ?f the first increment  of 4S  (at time 'J- ), 
and   trie  ordiriate of the template  is noted at a number of values of T" . 
The  template is  tnen  shifted parallel to  the  ZT axis until its origin 
is at   Q",   .    The  ordinates of the template at each of the  previously 
selected va.its  of   J   are tuen auded to previous  sum of the ordinates 
at each of these stations.    This process ia repeated throughout the 
duration  of tne  control movement.    The  template is  inverted when the 
increment of elevator   lovenent  is negative.    Airplane response aay be 
obtained rapidly and easily by this method. 

Ti.e graphical solution of the Duhamel integral may also be made 
using a template  constructed according to response data which have been 
obtained experimentally for a given airplane by measuring in  flight 
the response to a step deflection of the elevator. 



APPENDIX C 

DERIVATION OF CIRCLE ItfAORAM PRESENTATION 
OF AIRPLANE RESPONSE DATA 

DURING A SINUSOIDAL OSCILLATION 

Introduction 

It is shown that the form of the equation for the change of normal 
acceleration at the center of gravity of an airplane during a sinusoidal 
oscillation at constant speed is such that a polar diagram of the amplitude 
of the time rate of change of normal acceleration per degree elevator de- 
flection (n/| o | ) plotted as the radius and the ph»;>e difference between n 
and f>  plotted *« the polar angle will form a circle which has its center 
on the polar axis, and which passes through the origin.  Although the pitch- 
ing velocity data cannot be plotted directly as a circle, it is shown that 
these data may be transformed eo that they will also plot as a circle.  The 
circular form of the data is useful for several reasons.  The known geometric 
shape of the plot facilitates accurate fairing of the experimental points, 
and, as will be shown, the calculation of b and k  from the circle diagram is 
very simple. Additional information concerning aerodynamic parameters may 
be obtained from the diameter of the circle. 

Various electrical circuits show frequency response characteristics 
which may be represented by the circle diagram when these circuits ere excited 
by a sinusoidal forcing function.  For this reason the circle diagram has 
been used in the electrical field for many years.  A description of this 
diagram as used in various electrical applications is contained in reference 
(7).  However the existence of a circular polar uiagram of airplane response 
characteristics may be shown most directly by analytic geometry and without 
reference to an electrical analogy, ana this approach is employed in the 
proof which follows. 

Circle Diagram of Normal Acceleration Response to 
Sinusoidal Oscillation of the Elevator 

r. 

From Appendix A, (Equation 16' ), the expression for variation of 
normal acceleration at the airplane center of gravity is 

n +• bn + kn • [VU^wjS (Eq. 1) 

where the above quantities are defined in the list of symbols included in 
Appendix A. 

If 5 a /%/   «in Wt 

n + bn +   ja • UM jjw sin «t 

'T7   FIT"   /T7"      h 
(Eq. 2) 

From the solution of (Eq. 2) (see Appendix A), the response of 
normal acceleration to a steady sinusoidal elevator motion is found to be 

n «    UM..Z w     sin (AJt t tan"1 -bfc> )     (Eq. 3) 
k"=w* 

where i     •   (phase  angle  between n and 5   )   a tan-1  '" j*2 (Eq.   4) 
ns, * - a>2 
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By differentiation of  (Eq.   3), 

a    . Ull.Z»      CJ   cos     (ut -h tan"1  -,b.a'. ^   ) (Eq.  5) 

Since cos o< = sin (<K t ~jr) 

But    _IL _ tar.-l   x  - tan"1 . 

CJ «la Quit + T£- uirlJiH x -\    (Eq. 6) 

therefore, 

Jtt, . •Li4^Ltt 

Factoring out the circular frequency, CJ> 

ana 

UM**«.. 
YtW-^r+i 

to. 
JS. . 

6iJ    sin    ( <i^ t   -f 

IOC 

sin     (jjJt    f-    tan-1 

b«<j : __;     (sq- '') 

J (Eq.   8) 

(Eq.   9) 

Comparing  (Ö        and q>fi      from  (Equations  4 and 9), 

to, • ^ t % 4 (eq- io) 
or the phase  of  the  "velocity"   (first derivative)  vector may be found by 
adding SO0  to the experimentally determined  "displacement" vector.     (From 
the form of  (Eq.   1),   n is  analogous  to  the  displacement terra,   n  is  analogous 
to the  velocity term,   and n  is  analogous  to  the acceleration t6t<;i cf the 
familiar nass-spring-damping equation). 

From  (Equations   7 and 8),   the maximum value  of -jX- is  obtained when 
sin  (Cot 1-fig     )   is  equal  to  1,   and its value  is 

o 

HI 
UM&MM 

Similarly, the maximum value of -Bj   is obtained from (Eq. 3) 

(Eq. a) 

til      VCK-Cj^+CbcoJ^ 

Comparison of (Equations 11 and 12) shows that 

(Eq. 12) 

I SI 
Cj (Eq. 13) 

where -öj- is obtained directly from the experimental data. 

Since fFq, 9) tan iv = JS '(ü 
*b b 

Then COB <f>..   g—jL, (Eq. 14) 



The maximum 
than be written by combining (Eq 

t 
, amplitude of TTT    at a given circular frequency may 
mbininc (Eqs. fl and 14). 
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• 

-E_ =  iMi^KV COS (h. 
151     b    9" (Eq. 15) 

The polar equation of a circle which passes through the origin 
and whose center lies on the polar axis is given by the aquation. 

r > D cos © (Eq. 16) 

where r is the length of the polar radius, D is the diameter of the 
olrcle, and S is the jolar angle. 

_»    It is seen by comparing (Eq. 15) with (Eq. 16) that a polar plot 
of JOy  and As  will form a circle having the diameter UMs^w 

H1 -A 

b 

j_      Inspection of  (Eq.   15) shows  that r9r   is a maximum when cos<^  « 1« 
Thug -fir- is a maximum when $^      • 0. '•' 

16/ 0 
Since,  from (Eq.  9),   tan (^.     B   g ZSU     ,   then <p£   . 0 when jjg -t^s 0, 

or 

k *   CJe (Eq. 17) 

Therefore, the stability constant k may be found from (Eq..l7), 
where ** i» the oiroular frequency of the oscillation at which the -jft vector 
beoomee the diameter of the circle.  (Natural frequency of the system.) 

To find b, lettfu • + JL 

Prom (Eq. 9) and the above 

tan 4>fi  . ift'- (tiL   .  1 ' 
0      o 

b - & - u»' (£q. 18) 
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where k has baen obtained fron (Eu. 19},  and CO   is the circular 
frequency at which 0ß = +31". 

The use of tho circle diagrara thus not only is an aid in the fairing 
of the experimental date, but alio permits rapid und simple evaluation of the 
desired stability constants, b and k. 

Additional information may be obtained from the circle diagram by 
recocnirini; that the diameter of the circl« is UM^Z i/v and ia also equal 
to ~ft- when ZJ   * to   < b 

tr^,     may be evaluated from the expression 

inJ 
Ifl 

IL vi -cer (See Appendix A) 

known,   the 

£„  is known to be usually negative, and this sign may be 
fixed by inspection. 

ince b has been determined from (£q. 18), and 0 and -4jL. are 
value of Ms may be obtained. ** 

I 

When plotting the data, it may be found that the circle which best 
fits the points is not centered on the polar axis, but lies on a line which 
passes through the origin and forms an angle -A. with the polar axis. The 
possible causes of this rotation might include an aerodynamic lag between the 
deflection of the elevator and the development of the forcing moment, or a 
phase relationship between the true and indicated elevator angles.  It is 
believed that the latter factor has been completely corrected for. However, 
no satisfactory explanation of this phenomenon has been arrived at at this 
time, anc! additional work must be done to find the cause of this characteristic 

IThen the center of the circle is on a line inclined to the polar 
axis, this line is used as the basic reference for determining k and b. The 
assumption is made that the observed phase shift does not vary with frequenoy, 
and that the data plots as a circle about the displaced reference axis. 

Circle Diagram of Nornal Acceleration Response to a Sinusoidal 
Application of Elevator Hinge Moment *~~ 

In Appendix A it was shown that the response of normal acceleration 
to a steady sinusoidal application of elevator hinge moment coefficient waa 

UMt,* 
fy* cH J&lI£;»+<v«o» • in/ u>t   +• tan -1 ('4***)] (Kq.  19) 

Comparison of (Eq. 19) with (Eq. 3) shows that the two expressions 
are of identical form, except that the amplitude*term of (Eq. 19) has been 
divided by Cn, and primed values of k and b have replaoed the usual values 
of k and b of (Eq. 3).  (See (Eq». 41' and 43') of Appendix A for the defin- 
itions of k, b, k* ana b'.) 

It is therefore possible to show that a polar plot cf T&~,  and ^„ 
will form a circle similar to that formed by the . Q,     J J      'V"J " 
diameter of this circle will be VMftgw .     f61 

data, and that the  h 
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*\ It should  be noted here  that,   if the amplitude ratio      0 • 
Considered  to be defined when 'Qv 

sin /CJ t   + tan"1/'^^- /,then   ft|    C^XQV»^1 

,   &„,   and Chfe   
ar"8 all  usually negative,   the  amplitude    Ryj Since Uc 

usually also  be negative 

K ~    tan' 

> _. „0 , — —r  | Cf 

Also it nay be seen that the phase ang±o 

•1 (zhlluA 

will 

"IT    as &j varies  from 0  to   oo Now, ,ino. <}Aa'-K> 2. varies from 0 to 
the value of $>&-.        varies from Mp to - •# in the first and second quadrants. 
The circle diagram resulting from the simultaneous values o*1 positive polar 
angles, and negative polar radii lies to the left of the origin, and resembles 
the '. P; circle diagran rotated through the angle IT ,  (Exactly the same 
diagram would be obtained if the phase_were determined between the positive 
value of n  and the peak hinge moment | Cu / ,  for in this ca_e the phase angles 
would be TT  greater than the phase angles determined above, and the polar 
radii measured along these lines would be positive!. 

The values of k! i 
in exactly the same manner i 
elevator deflection circle. 
and IS). 

.nd b' are found from the hinge nomont circle 

.s the values of k and b are determined fron the 
The required relationships are given by (Eqs. 17 

Method for Obtaining Values of k and b of Point« Which 
Do—No~F-CTe-5!TTh~e-TTr7rie~TTr<rgr~iirn 

A semi-empirical method for iorr»cting the values of k and b of 
points at particular frequencies which fail to lie on the faired circle by 
a small distance may be arrived at in the following manner. 

S**   . p 

I 

Let the subscript c denote the properties of points lying on 
the circle, and the subscript p denote the properties of the point P. 

k0 and b0 (the k and b of all points on the circle) are obtained 
from (Eqfl. 17 and 18). 

Assume that the point P lies on a new circle, and compute kn and 
bn in terms of the ch«r«'jteristics of the known circle. 



From  (F.q.   15) i 
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IS/ 
UM&*£xt   COB <PJ, (Eq.   15) 

Assume that (^/Vj^ if ^ is  the IIM at point P as   it  is  on the circle. 

Then,   for e. giv6n vulue  of   0^    _, 

b. 

ut *»" (ifrl 

(*• 

bp = ,S ' bo 

From (Eq.   9): 

tan   A .    .   j -JÜ 

Now,   for a  given value  of    <£• _  j 

sg--< 

(Eq.   20) 

(Eq.   21) 

(Eq.   22) 

(Eq.   23) 

tfa x 0$ - ^>cj) (^. 24) 

where ß' is defined by (Eq. 21). 

ij)q. 24) nay be written in the form 

IM. 
Co* 

Then 

^f>   •   fac   f9'    tan   ^ , 

:  W* C bc   (3 '    tan 0,8     +• CJf, ) 

(Eq.  25) 

(Eq.  26) 

Therefore,   the value  of v and b  of points which deviate from the 
circle  diagram by a small  amount nay be  approximated by the  following relations: 

fcp     =   (fbe 

Kf,    =   <^P (ba $' tan <p^    *  to,, ~J 

(Eq.  22) 

(Eq.  26) 
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point. 
»here the  subscript   c refers  to  the  circle rjid p refer» to the 

vector/ n 
Iff/« 

(both taken at the saine value of QKs   ). 

k-'p is tue  circular frequency at the point being considered. 

bc is  obtained firoin  (Kq.  18). 

(p^    is the phase angle between  the  reference line and the 

Circle  Diagram of Pitching Velocity Response to A 
Sinusoidal Oscillation of the Elevator. 

It is necessary to perform cert»In transformations  of the 
pitching velocity data in  order that  it »ill. plot as a  circle diagram. 
These  transformations will be   lerived oelow.    Hosev#r,   further geo- 
metric  properties  of the  circle  will  first  be discussed, and  these   iro- 
perties will  be used as a guide for £e"i.cotin,j  the  required  tranaforB- 
iitions of the pitching velocity data. 

c 

From the geometric  characteristics  of si-uilar triangles 
_D  _       i~ 

fDrTo"i D (Fq.27) 

D  
(Eq.  28) 

r = frTWr 

D A 
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* 
therefore        f 

o 
iu UnLH 

and r cos q - r 

(Eq. 29) 

(Eq. 30) 

how consider the for« of the equation of rate of change of 
pitching velocity per unit elevator deflection during a sinusoidal os- 
cillation. 

Proa the equation  for pitching velocity (ase Appendix A), 

i _ M 4ßH^HZ    S I N fcot 4- foK-1 ^fe^Lgjvl±J  ) (Eq. 31) % 
/I 

The rate of change of pitching velocity le obtained from 
equation  (3l) by methods similar to those employed in obta^iing equa- 
tion (8), ani is found to be 

i.  -   Mr 

using the relation    la^ (oi ~t(3):    tlHl   t    til   ^ 

equation {.32)  may be rewritten 

(Eq. 33) 

How, from equation (9), 

fc-^   -     fa* Jt 
b 6 

and let    ^       -     -f«», </' 

— 4'-- U-t* 
* * 

The rate of change of pitching velocity then takes the form 
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i 
Ms ^v 

K- -co 
' -f- tap 

^iTT^T^ 

If'    s INIC^I ft«n   £^~ + fa»    |r     ] (Bq. 3-0 

From the iaionn characteristic that the product of tr.o vectors 
is obtained by multiplying their amplitude:' and adding their phases, it 
will be  seen that   "4/   may be considered to be  the vector product of the 
two vectors, % n: 

is 

J 

_ Ms?k and   "y/ +   •f'fl ^  «y 

rotating et the uniform angular velocity £>J . 

The amplitude of the  rate of change of the pitching velocity 

Ms Z 

?J bflTW^ 
i + f q >ix ^ 

(Eq.  3-5) 

Comparison of equations  (29)  and  (35)  indicates that,  if 
equation  (35)  is divided by  the- vecto*-/+T-»~f,   tne resulting vector 
niii form a circle aa the frequency of oscillation (and, therefore,  ffi 
ia varied. * 

ill r rV^f  " C*sf    '-   C(^r^ ) (Eq. 36) 

9_ C f r „J^J-T*-, 
(Eq. 37) 

'/f/ 
£«»J ^^'-Tv) (Eq. 37') 

:; 

Equations (37) ani (3"') are analogous to equation (3J). 

Therefor« it has been deaonstrated that tne pitching velocity 
characteristics are analogous iJ  the quantities used i<; equations (27) 
through (3J), «here the correspondence Is aa follows. 



•; . 

i 

1_ Cos(i^^J-r 

i*. 
+<Xn 

-I   <uj b 

I 

The  circle diagram of pitching velocity data  nay be  const ruc- 
ted graphically by the  following method. 

1.      Outain   _£_. and f n      at a given  frequency from the  expert- 
ISI ^ 

nental data.   (This any be done by multiplying the  amplitude 
of th» pitching velocity* data byC<J,  and by adding 90° to 
the phase of the pitching velocity,  or by multiplying by 
anl adding 180° to the corresponding characteristics taken 
from pitch angle  oata.).    Plot this vector. 

Subtract    ft a h 2T    from the; vector of step 1,  and draw a 

line frai the  tip of the  vector perpendicular to the line 
so determined.    The  intersection  oetween  these two lines 
will be a point pn the circle. 

Examination of the equation of   fr. iridicalt:;  tha t it similar 
tiv« wnen sin  {^+4^)= 1. 
ae discussion  of the * 

to ,> , in tnat  the aapliiude will usually be negu 
Tüis  cnaracteristic hats  been described abovae in  tu 

ty-, circle, and it v<as snown that the   £>- circle  lies  to the left of 
rV jChl 

tne origin.     From (Eq.  32) 

* u tan 

•n5 and Uiis angle varies  from f   ^£ to 0 in a positive direction &acj varies 
from 0 to co.    Also tar,-l -%£-  varies from 0 to t 1*fc in a positive direction 
as cj   varies from 0 to CM».    Therefore  (f^s - tan~l_-^-.)  varies from -i~JF- 
to -^through the  first and second quadrants asru varies fron      to «A . 
Now,  since cos (tan-    ^')'is usually positive- and  (as noted above)    yln 
is usually negative,  their product will be negative,  and  the resulting' ' 
vectors of tiß  circle   iiagraa will lie in the 'third and rjeco.nd quadrants. 
Therefore this diagram will be on the  left hand  side  of the  origin.    The 
sa.ie  conclusion would r.ave been  reached if the positive amplitude of    J/.-, 
and its associated  phase nad been  considered,  for in this  case each phase 
angle would have jeen 180° gruater and the polar radios would h.-ive been 
negative,   thus  forming  the  sarao family of sectors which was obtained above. 

t 



T:.e construction of tiie circle from jL- wdfA   is shown 
graphically  below, /b' " 

/ i-/i/? 

%l 

,S - 

'>;-   ) 

S l /K fßl 

\s 
Mi 2 fr * w 

t 

y„ tart    Si-  Z  in 
I» ' 

Circle  bia^Tbrn of Pitchl;:»; Velocity Response to A 
Sinusoidal Application of Elevator Hinge Moaent 

The variation of pitching velocity due to a sinusoidal appli- 
cation of elevator hinge raoaent was shown in Appendix A to be 

(Eq. 38) 

; 

Coa;wri:;on of (Eq. 33) with (E»j. 31) indicator- that Vriis 
identical to 3^ except that the amplitude of the oscillation la divi 
byCAc »  and a'  anj b*  replace k find  b. 

S 
yfl^lJ     mdr&.vlll tlion plot as a circle if the   .-; 

fonaed on these -jUun titles which were performed or 

vided 

are perfc 
iiie diameter of uie  resultant circle >>ill  be 
anu C*i£ will Usually he negative,   their ratio 
and tue circle  diagram of    */ _cos(  tan -1    <^J 
will lie to  th».-  right of        rt*M -2,v 
the  origin. 

e operations 
and f $r . 

^U-2_iy     .    Sinew both lie 
«ill be positive, 



APPENDIX P. 

METHOD OF ANALTSI3 OF SIKÜSCIDAL OSCILUTIO« 
DATA TO OBTAIN STABIUIT DERIVATIVES. 

31nce the ?quatlons developed in Appendices A and C have been 
found to satisfactorily predict the experimental responses, a means la 
desired for determining from the experimental data the various derivatives 
involved in the equations. The purpose of this appendix is to ousllne 
a method of analysis of the measured oaclllsticn data to obtain the air- 
plane stability derivatives. 

The process is one of attempting to isolate the individual 
quantities as -ach ae possible.. 

The steps are as followsr 

1.      Obtain Zy vs. 6J from the amplitude ratios of Ö and n. 

2. 

3. 

5. 

6. 

Obtain U ,   from  the diameter of the 

Obtain C-h,   froe  the diameter of the 

If I 

fGJ 

circle. 

circle. 

Dia». . UMjZ" 
b 

91«. - UMj*-" 
k'CL 

Ch       - Pl<""' of uL circle x b 
i       Dian. of JJÜ circle x b"5" 

Obtain values of k and b (fixed control) from the 2~  circles. 
Iff 

Obtain values of k' and b' (free control) from the Jr-. circles 
IChf 

V 

Obtain C Ity from the relations between tr** control and fixed 
control     parameters. 

* 

7. 

8. 

c (L'-i) -h % tK'-H) 
M %/ ,  i ty      (l  _ M.    7 ) 

'U 

Obtain d 6  from the same relations. 

1* 
-/ 

1^ cannot be obtained from the oscillation date. Therefore it 
is necessary to calculate this derivative from either wind 



7/». 

tunnel data or from static longitudinal stability flight test 
data, U, may then be obtained from the relationship 

where -J CL  is per radian. 

de* 

or W» = 
JCL 

9. 

10. 

It is assumed that JCj 

The value of * 5$/ may be obtained from static stability flight 
test data by locating the fixed control neutral point.  The 
value of o ^j> la then given approximately by 

rüg - np 

where og is the location of the center of gravity 
in fraction of the MAC. 

np is the location of the neutral point in 
fraction of the MAC. 

The value of s*fc  may »1*0 be obtained by shifting ballast 
in flight (thus producing a known change of moment about 
a given point) and noting the lift coefficient at which the 
airplane trims with the elevator held fixed in its given po- 
sition. This procedure may then -be repeated for several dif- 
ferent ballast locations and a curve cf CB vs. CL at a given 
elevator angle will thus be defined. 

Obtain aU from the value of k. 

z- 

Obtaln U* from the value of b. 

M* ; - (b* Zy-K^p) 
0 

; 
Using the above procedure, the following stability parameters 

have been determined« k, b, k', b'. £», 11 , Cn , Cn  and d*/d« 

If the value of U, may be found by other methods, IL and Ul 
may also be determined. * 



APPENDIX E. 

EFFECT OF OSCILLATION FREQÜENCI ON 
THE LIFT OF THE AIRPLANE. 

75. 

A theoretical investigation has been made to determine stability 
derivatives of a monoplane airfoil in steady sinusoidal motion by the 
theory of an oscillating airfoil as presented by Theodoreen  (Reference (ll) ). 
The problem is that of the wing alone In vertical translatory oscillation 
and rotating about an arbitrary fixed axis parallel to Its span. 

For the case of an airfoil alone In vertical translatory oscillation, 
the displacement of every point of the airfoil can be written asi 

h = K z  h. i  f i 5 IN uih. ) 

and then 

; H •. H, i <J e' "'   - he (-Co 5"(wco4 M'eJ col   ) 

(1) 

= h ho (-cJ-Cos cot - LcS- 3 >i) 
The force acting on the airfoil in the two dimensional case a* 

derived by Theodorsen isi 

L - P tVtT + l TT? 
u b C(Mj Q 

where L is positive upward and 

b i1/2 wing chord 
U = velocity at infinity 
^   z reduced frequency = :-J—~ 

Substituting in (2) and taking the imaginary parti 

Vv T 

For the case of an airfoil alone in rotational oscillation, the 
angular displacement of every point of an airfoil can be written asi 

CX O i«l w o 

(2) 

(3)' 

(A) 

(5) 
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6 ana then ± 

The lift  force csn  then be written: „ 

L =  r-' tv (U1T * ~  r fc <*«? / .+• -2- rr r' U b C(*' G (7) 

where, for this casei       Q«   \ j ^   +  t Ov "" CJ- J   A 

^Aerc "«*    is   tdc   center-   pf   r»fnrion    n|fr«J/»n    o-f   mxr? • ~ z /. 

Letting »= 0 for an airfoil rotating about its midpoint,   substituting 
In (7)  and using the  imaginary parti 

L   =   Ct'-TTUCX, cJl/Ö + F;
i*6i    Cos (&>{+'Jan'   ,,;>   ) 

U -   2ir(*U2fe \|F7?;*   CöJ (co-t --h*»-'  %) (9) 

Lrj:S (11) 
* 

Jones (reference (9) ) gives approximate equation» for Theedorsen'e 
F and 0 functions which corrects the theory for application to a wing of 
finite aspect ratio. 

z ir 6 - - c,  njL - c r* *• (13) 

»her« 0o, Ci, Oz,  r|f and r%  are constant» depending upon the aspect 
ratio and k is the reduced frequency, c~Lk   , 

The stability derivatives, Zw« £x » ^9 • *n<ä ^£ t for a 
aonoplane airfoil In pitching notion and oscillating about Its midpoint 
can be determined from the preceding analysis. 

. Z^, = -ft. d£- Yrttc; C^t + frS'% ) 
• i 

tj-.r     ±. T      b.     SIN   Wt 
t    T      IJ 6 

_ jrrr-^vcTTrr r^ fco-t /fin    , Hg,   r -^.cKt ^+p)l + 6»   Co, (o>4  /  ffl«"' ,7> 
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where T ~    r /PJS   , 
ratio by (12) end (U), 

and F and G are corrected for finite aspect 

The ratio of the aoplltude of Z^for  the oscillating airfoil 
to 2W f°r the Infinite airfoil in steady state has been plotted against 
frequency.CO , in Fig. 21a. For the aspect ratio and frequency range of 
the B-^5, tfhe variations in the nagnltudee of the aoplitudea_of these 
derivatives are sicell enough to be considered negligible. Zn  varies 
less than 3t  and 2^.   less than 4$.    The variation of the calculated 
phase of 2 ,v 1* plotted as a function of frequency in Fig. 2lb,    It will 
be noted that the phase variation becomes appreciable at the higher fre- 
quencies. 

A »ore extensive study Is being made to determine the variations 
with frequency of oscillations of all the stability derivatives for the 
entire airplane Including the Influence of the fuselage and tail surfaces 
in steady sinusoidal notion. 
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TABLE I 

Physical Dimensions of 3-25J 

«0. 

Weight 
Tfing Are« 
Root Chord 
Tip Chord 
Taper Ratio 
Span 

Aapact Ratio 

Looation of L. E. of MAC relative 
to L. B. of wing at basic root chord 

Airfoil Sections 
Root 
Tip 

Horizontal Tail Area 
Span 
Chord, Root 

Tip 
Mean Chord 

Aspect Ratio 
Taper Ratio 

Elevator Area (Total) 
Span (one) 
Chord 
Motion 

Vertical Tail Area (Total) 

Tg 11 Lenjlh 

Moment    of  Inert-iQ    about    V  Q*\f 

26,000   lbs. 

610   ft.2 

154.60 in. 

64.24 in. 

.415 
67. 5"fc ft. 

7.48 
116.16 in. 
12.68 in. aft. 
9.11 in. above 

HACA 23017 
HACA 4409R 

132.4 ft.2 

266   in. 
89.63 in. 

61.11 In. 
75.37 in. 
3.71 
.68 

40.4 ft.2 

103.25 in. 
28.38 in. 
25°  up 
10°  down 

91.0 ft.2 

25.9 ft. 
60,000   slug ft.2 (estimated) 

Dimensions from reference (19) • 
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TABLE  II 

V 

81. 

Estimated and Wind Tunnel  Values 
of Aerodynamic  Data 

dcL 
/&* 

( Ü <V      ) 

•Vicx 

d C 
^S 

d € 
V4 y. 

S.25 

-    3.41 

.525 

-1.09 

U.4Ü 

hey 
d 6 

-.133 

-   -.149 

All  slopes  ar« per radian. 
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TABLE III 

Eq i 

nations for  Evaluating Stability Derivatives 

?ur =  - d_£± P y 5 

M    -  Je«    r°u* sc 

da 2 X, 

M... = - /AC. (*£\ d4 rjd! %<_ 
M 

? 
• c_.Mn 

d C* 
*/d S 

t   ~ - 2^ - M o - U Mjy 

K' - K 
*  j:   %      j .     — <** S  2~) 



TABUE IV. »3. 

susnax CONSTANTS BBTEMIISED FROM 

CIRCUS DIAGRAMS  (figs.  6-16) 

(*)    Determined ßlrectly from Circle  Dl at,"r;_ac. 

:i 

Deterained froc 

38 C 

"•^/S/ circles. 
k>       i        bi 

i^ÜfLJ 1/sec 

Corrected  to Standard I cy °f 60,000 S]ug ft 

Detemined from ^circles 

I 

'• -•   _  * 



TABLE V 

Kxperinental  and Predicted Derivatives 
Fron Sinusoidal Oscillation [jata 

.   g.  at  ZG% MAC 10 ,000 ft.  pressure altitude 

175 UPH.  EAS 
Predicted !    Experimental 

 100 MPH. HAS 
Predicted       Experimental 

(froia faired (frr.n Flight 
curves vs.  c.g)- 8c) 

K 5.43 7.00 7.09 11.70 

K' 2.30 3.75 3.00 3.96 

b 2.98 3.45 3.40 5.76 

& 2.10 2.40 2.40 3.63 

D i am. of   rucmle .471 .394 .700 .506 

I Di on-.. 0/   ^hCircle -209 -37                   -311 
1                         i 

-156 

*Cm/JCL 
.100 -       .109 __ 

M8 
-     3.366 - 6.71           |-  10.94 -  10.29 

•V .0135 -    .0163    *!  ~.Cl7t .0226    * 

f^*ß *ia fcr-#«1fe;;j 
M< -     1.342 -  1.702          |-     1.753 

1 
-    2.96 

M^ .0C2OO -     .00166 -     ..00262   j .00433 

-     1.038 - 1.25 -    1.186 
1 

-    1.60 

.0032 -     .0059 .0032 .0051 

.0026 -     .0064 .0026 .0083 

.45 .67 .45 .656 

*    Used in determining M^ and IL 

I'i I 



TABLE VI 

( 

Results fro» E*par<iaumtal ^? ^^ 

176  «PR.  PAS 

C.   C. 

% MAC 

23.9 

24.1 

23 

3C 

T '«• Slope 
X   Y btoaay State; When 

1C.000 ft.  pressure  altitude 

K b 

slug n. 

60310 

48350 

54538 

66850 

G/degr9e      I1/««-    ;  lAec.2       ^Mi 

•137 1'S«      '    7.25 3.26 

.194 

.241 

.237 

1.266 

1.140 

.830 

8.71 

3.21 

5.16 

4.25 

3.28 

3.92 

j,  « -6-71 x  60,000 

-Tr 

-1.25 

fron ss sräs1»;—' -in- 



INDEX TO FIOCRES 

86. 

Figure Title 

1 Three  Quart er  T ront View c f B-25J Airplane 

2 Three View Dj-a? ing of  B-2E J Airplane 

3 Expor imoTit al ly 
Oscillation 

Daternincd Speed Change  Lur ing an 

4 Theoretical Circle Diagram 

5 Basic  Data 
a 
b 
c 
d 
• 
f 
g 

175 mph. 
n               ft 

tt              tl 

il            n 

tt          H 

M            H 

ii            it 

EAS 
n 

n 

tt 

n 

n 

225{ o.g. 
24£ C.g. 
26,1 o.g. 
ze% o.g. 
28# e.g. 
30$ o.g. 
32<r o.g. 

h 
1 

j 
k 

135 mph. 
*i       »I 

200 mph. 
ii       II 

us 
EAS 

ft 

22$ e.g. 
26^ o.e. 
22^ e.g. 
26;* e.g. 

6a* b Circles  of % ;   \\ Data 

7a, b. c, d Circles  of i i >      "      ; Data 

Sa, b Circles of i 1 it Data 
. 

9a, b, 0, a Circles of ii r      "      5 
H/ -               Tv - • Data 

10a, b, 0, & Circles  of II "      » 11         ,        11 Data 

11a, b, 0, a Circles of II »     f 11        >        11 Data 

12a, b, e. d Circles  of (I l      N     » II       ,         »1 Data 

I3u, b, 0, d Circles  of 1 i 
5          •<       1 

1«       ,         II Data 

14a, b, c, d Circles  of 11 }          "      1 
H       ,         11 Data 

15a, b, c, d Circles  of il 1          "       1 11       ,         .1 Data 

16a, b. o. d Circles  of II ,          11     •» II       ,        II Data 

17 Experimental  Values   of k, b,  k1 ,   and b'   vs e.g., 

18 

175 mph.  EAS 

V.xpurinental  and Calculated Values  cf k,  b,   k'   and b' 
vs.   e.g.,   176 r.ph.  EAS 



87. 

* 
Figure 

19 

20 

21a, b 

22a, fc 

23a, b 

24a, b 

25», b 

26a, b, c, ;1 

27 

28 

Till" 

Experimental Values of the Damping Ratio and Natural 
Short Period vs. o.g., 175 mph. EAS 

Experimental Apparent Z-ru <r& 
175 nph. EAS 

at. Various o.g. 's. 

Theoretical Effect of the Frequency of Oscillation on 
the Amplitude and Phase of Z. rt/ 

Experimental and Calculated Values of 'yfgi  and (P$ re. 
CU ,   26%  e.g. at Various Speed« & 

Experimental and Calculated Values of 
CJ ,   26%  e.g. at Various dpeeds w a*H <pn    TS. 

Experimental and Calculated Values of -jf,  and 
CJ ,   175 mph. EAS at Various e.g. Positions 

np;i. EAS at 7arious eg 

Hv 

Experimental and Calculated Values of "fet   and <&;,) 
lie-* j 175 npn. EAS at '/.rious e.g. Positions    * 

Experimental and Calculated Time Histories of Hormal 
Acceleration Response to Elevator Step Reflection, 175 
raph. EAS, 23.3X 24.1J», 28^ and 30£ e.g. 

Calculated Slope of U<-       Response at fi:  - 0.5 

Experimental Values of 1c and b vs. e.g. from I.'ormal 
Acceleration iiesponses to Elevator Step Deflections, 
176 mph. EAS 
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